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SECTION  I 
INTRODUCTION 


1.1  BACKGROUND 

Most  criteria  for  development  of  failure  in  materials  are  based  upon 
stress/strain/energy  distribution.  Therefore,  in  order  to  model  cumulative  damage 
processes  in  laminated  composites,  we  feel  that  reliable  procedures  for  evaluation  of 
distribution  of  stress/strain/energy  in  the  material  must  be  available.  This  requires  an 
adequate  theory  governing  the  behavior  of  laminated  composites  along  with  appropriate 
methods  for  solution  of  the  boundary  value  problem.  The  current  research  program 
covered  development  of  theoretical  framework  as  well  as  approximate  solutions.  This 
report  covers  one  of  the  alternative  approaches  investigated  viz^  Pagano's  theory  of 
linear  elastic  composite  laminates  based  on  the  assumption  of  linear  variation  of 
in-plane  stresses  over  the  thickness  of  a  layer  or  sublayer  (each  lamina  being  further 
divided  into  sublayers,  if  desired),  satisfying  equilibrium  equations  exactly,  evaluating 
strains  from  stresses,  and  evaluating  generalized  displacements  by  integration  of  strain 
components  and  their  moments  up  to  a  certain  order.  This  section  provides  an 
introduction  to  the  problem  and  describes  the  scope  of  the  work  as  well  as  the 
organization  of  this  report. 
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12  Introduction 

Considerable  research  effort  has  been  devoted  to  the  development  of  analytical 
procedures  for  the  analysis  of  the  behavior  of  composite  materials.  This  has  resulted  in 
a  variety  of  laminated  plate  theories  and  solution  methods  including,  among  others, 
classical  thin  plate  theory  [Stavsky  1961],  higher  order  theories  [Whitney  1973,  Nelson 
1974,  Lo  1977,  Reddy  1984]  and  discrete  laminate  theories  [Srinivas  1973,  Sun  1973, 
Pagano  1978,  1983]. 

Classical  thin  plate  theory  (CPT)  based  on  Kirchhoff  hypothesis  assumes  that 
transverse  shear  deformation  is  negligible.  For  analysis  of  laminated  composites,  it  is 
well  known  [Whitney  1969,  Pagano  1969,1970,  Srinivas  1970]  that  use  of  CPT  leads  to 
underprediction  of  the  transverse  deflection.  This  is  die  to  the  fact  that  the  ratio  of 
shear  to  Young's  modulus  is  lower  in  most  composite  materials  than  in  conventional 
isotropic  materials.  Also,  the  error  grows  with  an  increase  in  plate  thickness. 

Higher  order  theories  [Whitney  1973,1974]  which  include  higher  order  shear  modes 
lead  to  improved  estimates  of  in-plane  stress  distributions.  However,  higher  order 
theories  based  on  assumption  of  second  and  higher  order  polynomial  distribution  of 
in-plane  displacements  over  the  depth  of  the  plate,  have  two  critical  deficiencies.  The 
first  is  their  lack  of  capability  to  describe  local  deformation  precisely.  Due  to  this,  it 
is  difficult  to  avoid  error  in  calculating  in-plane  stresses  around  laminar  interfaces, 

especially,  when  shear  rigidities  of  adjacent  laminae  are  quite  different  [Sun  1973,  Lo 
1977].  The  other  deficiency  is  the  violation  of  equilibrium  of  the  plate  because  stress 

continuity  at  the  interface  is,  in  general,  not  satisfied.  The  need  to  eliminate  these 

deficiencies  has  motivated  the  development  of  several  discrete  laminated  plate  theories 
[Srinivas  1973,  Sun  1973]  in  which  variation  of  directional  properties  within  the 
laminate  is  properly  incorporated.  As  the  discrete  laminate  theory  not  only  removes  the 
drawbacks  of  higher  order  theories  noted  above,  but  also  allows  different  boundary 
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conditions  to  be  specified  in  each  layer,  it  has  been  able  to  accurately  describe  the 
mechanical  behavior  of  most  laminated  plates.  The  discrete  laminate  theory  results  in 
better  estimates  of  in-plane  stress  distribution  [Sun  19731  However,  this  theory,  in 
general,  involves  a  large  number  of  field  equations,  and  consequently  makes  the 
problems  quite  complicated. 

Since  the  boundary  value  problem  of  a  structure  constructed  with  composite 
laminates  is  extremely  complex,  approximate  techniques  are  often  used  <.0  obtain 

solutions.  The  approximate  techniques  based  on  the  discrete  laminated  plate  theory  can 
be  classified  as  displacement-based  or  stress-based  approaches.  The  analytical  solutions 
of  displacement-based  approach  include  the  approximate  elasticity  solutions  [Puppo  and 
Evensen  1970,  Pagano  and  Pipes  19731  modified  higher  order  theory  [Pagano  19741 
boundary  layer  theory  [Tang  and  Levy  19751  Pagano's  theory  based  on  the  restatement 
of  Reissner's  theory  for  each  lamina  [Pagano  19781  and  its  simplication  the  global-local 
model  [Pagano  19831  Numerical  solutions  include  use  of  the  finite  difference  method 
[Pipes  and  Pagano  1970,  Altus  et  al.  1980]  and  the  finite  element  method  [Wang  and 
Crossman  1977,1978;  Raju  and  Crews  1981;  Whitcomb  et  al.  19821  The  stress-based 

finite  element  approaches  include  Pian  [19691  Rybicki  [l97ll  and  Spilker  [1980). 

Recently,  Chang  [1987]  developed  a  finite  element  procedure  based  on  minimization 
of  potential  energy  and  ensuring  continuity  of  displacements  as  well  as  tractions.  This 
development  was  for  stress  analysis  of  free-edge  delamination  specimens  under  uniform 
longitudinal  strain  and  is  not  applicable  to  damage  cumulation  in  laminated  plates  of 
arbitrary  geometrical  configuration.  Hong  [1988]  developed  a  consistent  shear 

deformation  theory  in  which  the  shear  forces  in  each  lamina  depend  upon  the  shear 
deformation  of  all  the  laminae.  Hong's  analysis  was  for  dynamic  response  of  laminates 
and  ensured  continuity  of  tractions  at  interfaces.  However,  Hong  assumed  the 

transverse  displacement  to  be  independent  of  x3  coordinate  i.e.  the  thickness  of  the 
lamina  is  assumed  to  stay  constant. 


The  objective  of  the  current  research  program  is  to  develop  a  procedure  capable  of 
providing  good  estimates  of  interlayer  and  intra-layer  stresses  so  that  cumulative 
damage  criteria  based  on  stress  distribution  can  be  used  to  predict  damage.  Pagano's 
theory  [1978]  assuming  the  in-plane  stresses  to  vary  linearly  over  a  layer  or  sublayer 
had  been  shown  to  give  excellent  results  for  four  layer  laminates.  However,  the 
soultion  procedure  employed  by  Pagano  could  not  be  applied  to  a  larger  number  of 
layers.  The  finite  element  method  has  proved  to  be  a  powerful  tool  for  obtaining 
numerical  solutions  to  boundary  value  problems  including  the  bending  and  stretching  of 
the  plates.  To  apply  this  method  to  obtain  numerical  solutions  and  to  develop 
alternative  solution  strategies  for  Pagano's  theory  we  felt  it  necessary  to  write  the 
governing  equations  in  a  self-adjoint  form  so  that  the  general  procedures  for 
development  of  variational  principles  for  coupled  linear  problems  could  be  applied.  A 
brief  review  of  earlier  work  on  the  laminate  theory  is  given  in  Section  II.  Section  III 
contains  a  summary  of  Pagano's  equations.  In  Section  IV  it  is  shown  that  Pagano's 
equations  must  be  restated  in  a  modified  form  to  constitute  a  self-adjoint  system.  A 
modification,  involving  a  reduction  in  the  number  of  field  variables  is  proposed. 
Variational  principles  governing  Pagano's  theory  are  developed  including  various 
extensions  and  certain  useful  specializations.  Section  V  describes  a  finite  element 
formulation.  Section  VI  contains  some  examples  of  application. 
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SECTION  n 

LITERATURE  REVIEW 

2.1  Theory  of  Laminated  Composite  Plates 

In  essence,  plates  are  three-dimensional  solids.  The  advantage  of  being  able  to  treat 
them  as  two-dimensional  problems  has  been  the  primary  motivation  for  the 
construction  of  plate  theories.  As  the  use  of  fiber- reinforced  composite  laminates  is 
being  extended  to  various  engineering  fields,  a  considerable  amount  of  work  has  been 
done  over  the  past  few  decades  to  develop  a  reliable  theory  of  laminated  plate. 
Recently,  Al-Ghothani  [1986]  and  Hong  [1988]  presented  reviews  of  the  earlier  work  on 
this  subject.  Existing  theories  may  be  categorized  into  three  groups: 

1.  Classical  thin  plate  theory 

2.  Higher  order  theories 

3.  Discrete  laminate  theories 

The  first  two  theories  assume  the  displacements  in  a  single  power  expansion  of  the 
out-of-plane  coordinate  through  the  thickness  of  the  laminate,  whatever  the  number  of 
layers.  On  the  other  hand,  the  third  group  of  theories  treats  each  layer  as  a  homogene¬ 
ous,  anisotropic  plate  and  combines  field  equations  of  each  layer  through  proper  conti¬ 
nuity  conditions  between  layers. 

In  this  Section,  a  brief  review'  of  some  of  the  laminate  theories  described  above  is 
presented  as  an  update  complementary  to  the  ones  by  [Al-Ghothani  1986]  and  Hong 
[1988].  Throughout,  standard  index  notation  is  used,  in  which  Latin  indices  take  on  the 
range  of  values  1,2,3  and  Greek  indices  take  on  values  1  and  2. 
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2.1.1  Classical  Thin  Plate  Theory  (CPT) 

Classical  plate  theory  of  composite  laminates  follows  the  same  philosophy  as 
employed  in  the  homogeneous  isotropic  thin  plate  theory.  In  developing  the  theory,  the 
displacement  field  through  the  thickness  of  laminate  is  assumed  to  be  such  that  the 
plane  of  crosssection  before  bending  remains  plane  and  perpendicular  to  the  midsurface 
of  the  plate  during  deformation.  In  addition,  it  is  assumed  that  the  variation  of 
lateral  displacement  through  the  thickness  and  the  stress  normal  to  the  midsurface  are 
negligible.  A  mathematical  representation  of  these  assumptions  is 

u  (x.)  =  u°(x_)  —  x  w  (1) 

f>  i  a  p  3  .a 

u3(x.)  =  wlx^)  (2) 

cr33  =  0  (3) 

where  u°  are  the  components  of  in-plane  displacements  of  the  midplane.  With  this 
displacement  field,  the  kinematic  relations  are 


=  —  (u°  „  +  u°  )  —  x,  w  . 

(4) 

’<*& 

2  a.P  3 

=  0 

(5) 

'or3 

:33 

=  0 

(6) 

Apparently,  the  first  complete  classical  laminated  plate  theory  is  due  to  Reissner 
[1961],  In  analyzing  an  angle-ply  laminate  of  two  layers,  it  was  noticed  that  coupling 
of  bending  and  stretching  exists  unless  the  material  properties  are  symmetric  with 
respect  to  the  midplane.  Stavsky  [1961]  further  investigated  this  phenomenon  for  a 
multi-layer  plate.  Dong,  Pister  and  Taylor  [1962]  extended  this  approach  to  the 
analysis  of  anisotropic  laminated  shells. 

The  classical  laminated  plate  theory  neglects  the  effect  of  transverse  shear 
deformation,  implying  infinite  shear  rigidity,  i.e.,  leading  to  overestimation  of  plate 
stiffness.  As  a  result,  the  theory  gives  an  underprediction  of  lateral  deflection. 
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Naturally,  the  error  becomes  larger  as  the  thickness  of  plate  increases.  It  was  pointed 
out  [Pagano  1969,  1970,  Srinivas  1970]  that  the  transverse  shear  effect  is  more 
pronounced  in  composite  laminates  because  the  ratio  of  shear  to  Young's  modulus  is 
lower  for  these  materials  than  for  conventional  isotropic  materials. 

2.1.2  Higher  Order  Theory 

As  noted  above,  it  is  clear  that  realistic  transverse  shear  variations  cannot  be 
achieved  by  theories  based  on  the  assumption  of  plane  cross  section.  This  assumption 
has  resulted  in  an  inaccurate  prediction  of  in-plane  stress  distribution,  especially,  for  a 
laminate  made  of  layers  with  different  material  properties  or  differently  oriented 
material  axes.  The  need  to  include  the  effects  of  such  local  deformation  has 
stimulated  development  of  theories  that  use  higher  order  terms  in  the  assumed 

displacement  field. 

Most  of  these  theories  are  based  on  an  assumed  displacement  field.  As  indicated 
by  Al-Ghothani  [1986]  these  theories  can  be  discussed  within  the  framework  defined  by 
the  following  displacement  field  assumption. 

u.(x.)  =  +  x3  +  xj  ^(xp)  +  x*  (7) 

In  the  expression  (7),  it  is  worth  r  ;  tg  that  the  terms  including  even  and  odd  powers 
of  x3,  represent  the  symmetric  and  antisymmetric  modes,  respectively,  of  the  in-plane 
displacements  through  the  thickness.  Of  course,  powers  higher  than  the  third  can  be 
included.  Theoretically,  as  the  degree  of  the  polynomial  increases,  the  displacement 

components  can  be  approximated  as  closely  as  one  wishes.  However,  there  are  practical 

limitations  to  the  degree  of  the  polynomial  that  can  be  used.  Also  we  shall  see  that 

in  composite  laminates  there  is  in  general  discontinuity  in  gradient  of  displacements  at 
the  interfaces  of  dissimilar  layers.  This  makes  polynomial  approximation  very 
difficult. 
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Whitney  [l 973]  first  proposed  a  higher  order  theory  with  quadratic  polynomial 
functions  for  in-plane  displacements  (uu)  and  linear  functions  for  out-of-plane 
displacement  (u3)  to  represent  the  first  antisymmetric  shear  mode  and  non-zero  normal 
strain.  Whitney  [1974]  also  presented  another  higher-order  theory,  in  which  linear 
variation  of  in-plane  displacements  and  quadratic  variation  of  normal  displacement 
through  the  thickness  were  assumed.  This  was  used  to  analyze  laminated  cylindrical 
shells  with  moderate  radius-to-thickness  ratio  under  static  loading.  Nelson  [l 974]  used 
quadratic  functions  for  both  the  in-plane  and  the  out-of-plane  displacements.  Such  a 
displacement  field  would  model  the  effect  of  normal  strain  more  precisely.  In  the 
higher-order  theory  proposed  by  Lo  [1977],  cubic  functions  for  in-plane  displacements 
and  quadratic  function  for  normal  displacement  were  assumed.  With  this  displacement 
field,  it  was  claimed  that  the  level  of  truncation  is  consistent  in  the  sense  that  the 
transverse  shear  strains  due  to  in-plane  displacements  and  normal  displacement  are  of 
the  same  order  in  ir  From  the  application  of  the  theory  to  thick  laminated  plates  in 
cylindrical  bending,  it  was  shown  that  accuracy  of  in-plane  stress  distribution  through 
the  thickness  could  be  considerably  improved,  except  at  the  interfaces  of  the  laminate. 

Although  higher  order  theories  were,  to  some  extent,  successful  in  incorporating  the 
effect  of  higher  shear  modes,  the  solution  process  was  costly  because  more  field 
variables  were  involved.  To  overcome  such  difficulties,  a  simple  higher  order  theory 
was  developed  [Levinson  1980]  using  higher  order  terms  for  the  in-plane 
displacements,  but  assuming  u3  to  be  constant  over  the  thickness  of  the  plate,  ie. 

“oW  =  U«(V  +  X3  *o(V  +  X3*a(V  +  X3  V  (8) 

U3(x;)  =  w(xp)  (9) 

This  idea  was  first  proposed  by  Levinson  [1980]  for  the  homogeneous,  isotropic 
plate  and  extended  to  the  laminated  composite  plates  by  Bert  [1984]  Imposing  the 
stress  free  plate  surface  conditions  on  this  displacement  field,  two  field  variables 
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\fia  and  |0  were  eliminated  to  give 


u  =  u  +  x 


L  -i(^. 

T°  3  h 


)  (0  +  w  ) 

O  ,0 r 


(10) 

- I  ”  j  n  “  •“  I 

u3  =  w (xfi)  (11) 

where  h  denotes  the  thickness  of  laminate.  Equations  (10)  and  (11)  still  include  the 
effect  of  higher-order  terms.  This  theory  was  used  [Bert  1984,  Reddy  1984]  to  analyze 
angle-ply  and  cross-ply  laminated  plates  and  it  was  reported  that  accurate  results  were 
obtained  in  predicting  transverse  shear  stresses.  A  comparison  of  various  theories  is 
given,  in  summary  form,  in  Table  1. 


Table  1: 

A  Comparison  of 

the  Assumptions 

in  Some  Higher  Order  Theories 

1 

1 

In-plane 

strains 

1 

1 

Out-of -plane 
shear  strain 

Out-of -plane  normal 
strain 

Whitney  1 

1 

et  al .  1 

Quadratic 

1 

Linear 

constant 

[1973]  1 

1 

Whitney  1 

1 

et  al .  1 

Linear 

1 

Quadratic 

Linear 

[1974]  i 

1 

Nelson  1 

1 

et  al .  1 

Quadratic 

1 

Quadratic 

Linear 

[1974]  I 

1 

Lo  I 

1 

et  al .  I 

Cubic 

1 

Quadratic 

Linear 

[1977]  I 

1 

The  higher  order  theory  has  two  critical  drawbacks.  First,  it  is  incapable  of 
accounting  for  local  deformation  accurately  because  local  deformation  depends  on  the 
stacking  sequences  of  layers  and  elastic  properties  of  each  layer  [Sun  1973].  Second,  it 
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violates  equilibrium  of  the  plate  because  stress  continuity  in  the  interfaces  of  the 
laminate  is  not  satisfied.  This  theoretical  deficiency  can  be  fatal  in  certain 
applications,  e.g.,  in-plane  stress  analysis  or  evaluation  of  natural  frequencies  of  a 
hybrid  laminate. 

2.13  Discrete  Laminate  Theory 

The  need  to  eliminate  the  deficiencies  of  higher  order  theory  has  motivated 
development  of  several  discrete  laminated  plate  theories  [Sun  1973,  Srinivas  1973, 
Pagano  1978].  Common  procedure  for  derivation  of  those  theories  is  to  treat  each  layer 
as  a  homogeneous,  anisotropic  plate  and  to  combine  the  governing  equations  of  each 
layer  by  using  interlaminar  continuity  conditions  to  obtain  global  governing  equations 
of  the  laminated  plate.  For  a  homogeneous,  orthotropic  laminated  plate,  exact 
three-dimensional  elasticity  solutions  [Pagano  1969,  1970]  revealed  that  in-plane 
displacements  are,  layerwise,  almost  linear  through  thickness,  thickness  stretch  is  zero 
even  for  thick  laminates,  and  the  transverse  shear  stresses  are  close  to  parabolic  over 
each  layer. 

Basically,  the  discrete  laminate  theories  described  above  are  based  upon  the  same 
philosophy,  i.eM  assumption  of  layer-wise  linear  variation  of  the  in-plane  displacements 
even  though  the  final  form  of  the  governing  equations  is  different.  Also  they  do  not 
satisfy  plate  equilibrium.  Stating  that  theories  based  on  assumed-displacement  field  are 
not  reliable  for  stress  analysis  of  laminates  especially  where  the  stress  gradient  is  large, 
Pagano  [1978]  developed  a  discrete  laminate  theory  based  on  the  assumed-stress  field 
using  Reissner's  variational  principle.  In-plane  normal  stresses  were  assumed  to  be 
linear  through  the  thickness  of  each  layer  and  other  stress  components  were  obtained 
from  three-dimensional  equilibrium  equations.  In  this  theory,  all  six  stress  components 
are,  in  general,  non-zero  and  continuity  of  stresses  in  the  interfaces  of  the  laminate  is 
exactly  satisfied.  Displacement  continuity  conditions  are  also  satisfied. 
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In  practical  applications,  a  laminate  may  be  composed  of  numerous  layers.  Even 
though  discrete  theory  may  provide  a  reliable  tool  in  predicting  precise  local  behavior, 
the  problem  becomes  intractable  as  the  number  of  layers  become  large.  To  overcome 
this  difficulty,  Pagano  [1983]  developed  the  global-local  model  in  which  the  cross 
section  of  a  laminated  plate  is  divided  into  local  and  global  portions.  For  the  local 
domain  Pagano's  theory  [1978]  is  used  while  a  higher  order  theory  is  adopted  for  the 
global  domain.  A  variational  principle  was  used  to  obtain  governing  equations  of  the 
plate.  This  dual  model  is  expected  to  relieve  the  burden  of  handling  extremely 
complicated  problem,  giving  precise  stress  resolution  in  the  local  domain  [Pagano  1983]. 
However,  in  dividing  the  region  into  the  local  and  the  global  domains,  technical 

difficulty  remains  because  the  critical  portion  is  not  always  know'n  in  advance. 

As  an  improvement  upon  the  discrete  laminate  theory,  Hong  [1988]  developed  a 
consistent  shear  deformation  theory  of  laminated  plates  and  applied  it  to  vibration  and 
transient  response.  Hong  [1988]  ensured  interlaminar  traction  continuity  in  his  theory. 

22  Analysis  of  Free-Edge  Delamination 

Due  to  the  presence  of  singular  interlaminar  stresses  near  the  laminate 

free-boundary,  edge  delamination  is  observed  to  occur  under  incremental  axial  strain. 

Delamination  can  be  simply  interpreted  as  separation  of  laminae  from  each  other  in  the 
laminate,  and  can  occur  under  static,  impact  or  fatigue  loading  conditions.  Based  on 
the  discrete  laminated  plate  theory,  there  are  many  computational  techniques  developed 
to  calculate  the  stress  components  in  laminated  composites  based  on  either 

displacement-based  or  stress-based  approaches  to  predict  free-edge  delamination. 

Investigations  of  the  free-edge  problem  were  carried  out  by  Puppo  and  Evensen 
[1970]  using  a  composite  model  essentially  consisting  of  a  set  of  anisotropic  layers 

separated  by  isotropic  adhesive  layers.  It  was  assumed  that  the  isotropic  layers. 
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developed  only  interlaminar  shear  stresses,  between  the  anisotropic  layers.  It  was 

reported  that  a  sharp  rise  of  the  interlaminar  shear  stress  could  be  observed  in  finite 

width  laminates.  However,  the  simplicity  of  these  elastic  formulations  precluded 
calculation  of  the  transverse  normal  stress  and  the  problem  became  more  complicated 
when  more  layers  were  involved. 

In  an  attempt  to  approximate  the  interlaminar  normal  stress,  a  simplified 
formulation  was  developed  by  Pagano  and  Pipes  [1973]  for  the  free-edge  problem  in 
laminate  elasticity.  The  strategy  was  to  use  solutions  along  the  longitudinal  midplane 
of  the  laminate  based  upon  classical  laminated  plate  theory  in  conjunction  with  an 

assumed  distribution  of  O'jj.  One  could  then  compute  the  force  and  moment  resultants 

caused  by  the  interlaminar  stresses  on  any  plane  z=constant  through  consideration  of 
static  equilibrium.  The  maximum  interlaminar  normal  stress  at  the  free-edge  was  thus 
expressed  in  terms  of  the  transverse  stress  in  the  y-direction  calculated  from  the 
laminated  plate  theory.  This  assumed  distribution,  however,  was  based  solely  on  statics 
considerations  and  contained  no  description  of  the  influence  of  material  and  geometric 
parameters  on  the  interlaminar  normal  stress  [Pagano  1973]. 

Another  approximate  elasticity  solution  proposed  by  Pipes  and  Pagano  [1974]  was 
based  upon  displacement-equilibrium  equations  for  an  anisotropic  elastic  medium. 
Assuming  the  transverse  stresses  in  the  y,  z  directions  to  vanish,  the  equations  were 
written  in  terms  of  the  single  variable  U  (axial  displacement  function).  This  yielded 
components  of  displacement,  strain  as  well  as  remaining  stress  fields  in  the  form  of 
sinusoidal-hyperbolic  series.  However,  violation  of  stress  equilibrium  in  the  transverse 
directions  as  well  as  neglect  of  the  interlaminar  normal  stress  constituted  major 
drawbacks  of  this  scheme. 

Pagano  [1974]  derived  another  approximate  method  for  determination  of  distribution 
of  the  interlaminar  normal  stress  only  along  the  midplane  of  a  symmetric,  finite 
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width  laminate.  The  approach  was  based  upon  a  modified  version  of  a  higher  order 
theory  proposed  by  Whitney  and  Sun  [1973],  which  recognized  the  effect  of  shear 
deformation  through  inplane  rotations  as  well  as  the  thickness  strain  in  the  assumed 
displacement  field.  However,  like  the  approximate  theories  discussed  previously,  none 
of  them  was  able  to  determine  the  complete  stress  field  near  the  free-edge. 

A  boundary  layer  theory  for  laminated  composites  in  plane  stress  was  developed 
by  Tang  and  Levy  [1975]  from  the  three-dimensional  theory  of  anisotropic  elasticity. 
By  expanding  the  stresses,  displacements,  body  forces  and  surface  tractions  in  power 
series  of  the  half-thickness  of  a  lamina  in  the  equations  of  equilibrium,  compatibility 
and  boundary  conditions,  a  sequence  of  systems  of  equations  was  obtained.  The 
complete  solution  was  obtained  by  combining  solutions  of  the  interior  domain  based  on 
the  classical  lamination  theory  and  those  from  boundary  layer  and  matching  a  set  of 
appropriate  boundary  conditions.  This  formulation  provided  a  way  to  obtain  analytical 
solution  for  estimating  interlaminar  normal  as  well  as  shear  stress  distribution,  but 
became  loo  complicated  with  increasing  number  of  layers. 

In  order  to  have  displacement  as  well  as  stress  continuity,  a  mixed  formulation  is 
sometimes  used.  Unlike  the  elastic  approximations  discussed  previously,  Pagano  [1978] 
developed  an  approximate  theory  for  a  general  composite  laminate  based  upon  an 
application  of  Reissner's  variational  principle.  The  assumption  was  that  the  inplane 
stresses  are  linear  in  the  thickness  coordinate  while  the  transverse  stresses  derived  from 
equilibrium  consideration  are  cubic.  Substitution  of  stress  components  based  on  the 
differential  equations  of  equilibrium  and  the  strain  energy  density  of  an  elastic 
anisotropic  body  into  the  Reissner's  variational  principle,  integration  with  respect  to  z, 
and  setting  the  first  variations  equal  to  zero  yields  the  appropriate  field  equations  and 
the  boundary  conditions.  The  field  equations,  which  consist  of  the  elastic  constitutive 
relations  and  the  differential  equations  of  equilibrium,  must  be  satisfied  within  each 
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layer.  If  a  laminate  or  a  single  lamina  is  viewed  as  an  assembly  of  N  sheets,  each 
having  a  finite  thickness  and  required  to  satisfy  force  and  moment  equilibrium,  the 
analysis  leads  to  a  set  of  23N  algebraic  and  ordinary  differential  equations  which  had 
to  be  solved  simultaneously.  Based  upon  the  assumption  that  the  stress  field  in  a 
free-edge  delamination  coupon  is  independent  of  the  longitudinal  axis,  Pagano  [1978] 
further  specialized  the  theory  to  the  free-edge  problem  by  reducing  the  stress  field 
determination  to  the  solution  of  a  one-dimensional  problem.  However,  the  number  of 
layers  considered  in  the  solution  process  could  not  exceed  six.  The  manner  in  which 
singular  behavior  was  described  could  not  consider  larger  number  of  layers. 

Pagano  [  1 983]  introduced  a  global-local  model,  which  was  able  to  define  detailed 
response  functions  in  a  particular,  predetermined  region  of  interest  while  representing 
the  remainder  of  the  domain  by  effective  properties.  This  reduced  the  number  of 
variables  in  a  given  problem.  In  this  model,  for  the  global  region  of  the  laminate, 
potential  energy  was  utilized,  and  the  displacement  components  were  based  upon  the 
assumption  given  by  Whitney  and  Sun  [1973].  The  Reissner  variational  principle 
described  in  Pagano  [1978],  however,  was  applied  for  the  local  region  in  which  a 
thickness  distribution  of  the  stress  field  satisfying  equilibrium  equation  within  each 
layer  was  assumed.  A  variational  principle  was  then  used  to  derive  the  governing 
equations  of  equilibrium  for  the  whole  system.  However,  for  application  to 

delamination  of  laminated  composites,  it  is  sometimes  hard  to  identify  the  location 
where  the  delamination  will  occur  in  the  delamination  process. 

Pipes  and  Pagano  [1970]  used  the  classical  theory  of  linear  elasticity  to  formulate 
the  problem  of  free-edge  delamination  of  a  strip  under  uniform  axial  strain.  Allowing 
for  material  symmetries  and  uniform  extension,  the  transverse  components  of 

displacement  were  assumed  to  be  independent  of  the  longitudinal  coordinate.  The  three 
coupled  elliptic  equations  for  the  displacement  functions  were  solved  using  a  finite 
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difference  solution  technique  to  approximate  the  interlaminar  stresses.  Delamination 
was  assumed  to  be  primarily  due  to  the  high  shear  stress  near  the  free-edge  and  the 
interlaminar  stress  field  was  found  to  be  an  edge  effect  which  was  restricted  to  a 
boundary  region  approximately  equal  to  the  laminate  thickness. 

A  three-dimensional  finite  difference  analysis  was  carried  out  by  Altus,  Rotem  and 
Shmueli  [1980]  to  examine  the  free-edge  stress  field.  The  displacement  equilibrium 
equation  was  solved  by  using  central  difference  method  while  for  displacement  or 
traction-free  boundary  conditions  as  well  as  interfacial  continuity  conditions,  either 
forward  or  backward  difference  scheme  was  applied.  Convergence  of  the  solution  was 
expected  providing  a  reasonable  displacement  field  was  assumed  initially.  Although  a 
complete  stress  field  was  available  due  to  three-dimensional  characteristics,  an  iteration 
scheme  could  be  a  serious  inconvenience. 

Wang  and  Crossman  [1977]  used  392  constant  strain  triangular  elements  with  226 
nodal  points  to  model  the  laminate  boundary  region  through  a  crosssection  of 
quasi-three-dimensional  boundary  value  problem  with  orthotropic  material  properties 
only.  The  functional  dependence  of  the  assumed  displacement  field  was  of  the  same 
type  as  in  Pipes  and  Pagano's  analysis  [1970].  The  traction-free  boundary  conditions 
cannot  be  satisfied  in  this  analysis. 

A  quasi-three-dimensional  finite  element  analysis  was  carried  out  by  Raju  and 
Crew  [  1 98 1  ]  using  eight-noded  isoparametric  elements.  In  order  to  approximate  the 
stress  singularities,  a  polar  mesh  was  introduced  near  the  intersection  of  interface  and 
free-edge  and  a  log-linear  relationship  between  stress  components  of  crM  and  cr^  and 
the  radial  distance  for  the  singular  power  was  postulated.  The  power  of  singularity 
was  determined  by  fitting  a  straight  line  to  log-linear  plots  of  stresses  calculated  from 
several  mesh  refinements  near  the  interface  of  the  free-edge  and  the  radial  distance. 
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Whitcomb,  Raju  and  Goree  [1982]  further  pointed  out  that  the  disagreement  for 
both  magnitude  and  sign  of  the  interlaminar  normal  stress  distribution  among  various 
numerical  methods  could  be  attributed  to  the  unsymmetric  stress  tensor  at  the 
singularity.  In  their  approach,  the  problem  was  modeled  by  eight-noded  isoparametric 
elements.  It  was  concluded  that  finite  element  displacement  models  were  capable  of 
giving  accurate  stress  distributions  everywhere  except  in  the  region  within  two 
elements  of  a  stress  singularity.  In  this  analysis,  the  traction-free  boundary  conditions 
cannot  be  satisfied. 

Chang  [1987]  used  pseudo-three-dimensional  finite  element  analysis  to  solve 
composite  coupons  by  satisfying  the  traction-free  boundary  conditions,  continuity  of 
displacements  and  tractions  at  interfaces.  However,  the  stress-equilibrium  relations  were 
not  satisfied.  Dandan  [1988]  developed  a  finite  element  analysis  of  laminated 
composite  axisymmetric  solids  and  used  it  to  solve  for  stress  distribution  in  laminated 
composite  coupons.  However,  in  this  work,  continuity  of  tractions  was  not  satisfied. 

Rybicki  [1971]  used  a  three-dimensional  equilibrium  finite  element  analysis 
procedure,  based  upon  minimization  of  complementary  energy,  to  solve  the  free-edge 
stress  problem.  However,  this  method  involved  very  large  matrices  and  was 
computationally  expensive,  and  even  at  that  did  not  yield  a  continuous  stress  field. 

In  Pian’s  hybrid  model  [1969],  stress  equilibrium  in  the  interior  of  the  elements  as 
well  as  displacement  continuity  along  interelement  boundaries  are  ensured,  but  the 
interelement  stress  continuity  is  satisfied  only  in  a  weighted  integral  sense.  Following 
Pian’s  formulation,  Spilker  [1980]  developed  a  special  hybrid  element  for  the  edge-stress 
problem  in  cross-ply  laminates.  In  his  work,  the  assumed  stress  field  was  made  to 
satisfy  exactly  the  continuity  of  traction  across  interlayer  boundaries  as  well  as 
traction-free  conditions  along  exterior  planes  of  the  laminate.  A  comparison  of  various 
methods  for  solving  the  FED  (Free-Edge  Delamination)  problems  is  given  in  Table  2. 
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Table  2:  A  Comparison  of  Various  Methods  for  Solving  the  FED  Problems 


Ref 

Author 

method  of  analysis 

calculated  stresses 

28 

Puppo  &  Evensen 

Elastic  approximation 

cr  cr  r  r 

X  y  X2  xy 

26 

Pipes  ft  Pagano 

Approximate  elastic  solution 

a  7  T  T 
x  xy  xz  yz 

41 

Tang  ft  Levy 

Boundary  Layer  theory 

O’  O’  <T  7  7  7 
x  y  z  yz  xz  xy 

20 

Pagano 

Reissner's  variational 
principle--mixed  method 

0  0  0  7  7  7 

x  y  z  yz  xz  xy 

22 

Pagano  &  Soni 

Global-local  model 

0  0  0  7  7  7 

x  y  z  yz  xz  xy 

25 

Pipes  ft  Pagano 

Finite  difference  method 

0  0  0  7  7  7 

x  y  z  yz  xz  xy 

43 

V/ang  ft  Crossman 

Finite  element  method: 
constant  strain  triangle 

0  0  0  7  7  7 

x  y  z  yz  xz  xy 

Finite  element  method: 

45 

Whitcomb  et  al . 

8-noded  isoparametric 
element 

0  0  0  7  7  7 

x  y  z  yz  xz  xy 

32 

Rybicki 

Finite  element  method: 
equilibrium  stress  approach 

cr  cr  a  r  t  t 

x  y  z  yz  xz  xy 

36 

Spilker 

Finite  element  method: 
hybrid  assumed  stress  model 

cr  cr  7 
y  z  yz 

5 

Chang 

Finite  element  method: 

Q23  element 

0  0  0  7  7  7 

x  y  z  yz  xz  xy 

6 

Dandan 

Finite  element  method: 
Axisymmetric  element 

0  0  0  7  7  7 

x  y  z  yz  xz  xy 

2.3  Need  for  Solution  Procedures 

Recent  development  in  the  analysis  of  composite  laminate  coupons  under  uniform 
extension  indicated  that  the  high  interlaminar  stresses  near  the  free  edge  are  mainly 
responsible  for  delamination  failure,  [Pagano  and  Pipes  1973].  Before  delamination  can 
be  predicted  on  the  basis  of  a  stress-based  failure  criterion,  it  is  essential  that  a  highly 
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reliable  estimate  of  interlaminar  stresses  be  available  for  the  given  situation.  However, 
it  has  been  difficult  to  obtain  solutions  for  the  stress  field  because  of  the  anisotropy  as 
well  as  heterogeneity  of  the  material,  and  the  difficulty  in  satisfying  traction-free 

boundary  condition  in  a  solution  procedure  based  on  the  displacement  formulation. 

Some  of  the  solution  techniques  are  only  applicable  under  certain  conditions.  J:or 
this  reason,  a  complete  stress  distribution  is  hard  to  obtain.  Although  results  calculated 
from  various  approaches  have  demonstrated  similarities  in  some  cases,  discrepancies  do 
exist  in  the  magnitude  as  well  as  sign  of  the  computed  interlaminar  stresses  near  the 
free  edge  of  laminate  coupons.  One  possible  source  of  these  discrepancies  is  that,  in 

these  methods,  the  continuity  conditions  for  displacements  and  tractions  across  laminate 
interfaces  along  with  traction-free  boundary  condition  along  free-edges  characteristic  can 
only  be  approximated  to  a  limited  extent.  Chang  [1987]  solved  the  problem  of  a 

free-edge  specimen  by  a  pseudo-three-dimensional  finite  element  procedure  based  on 
minimization  of  potential  energy  formulation  while  satisfying  continuity  of  tractions 

and  displacement.  However,  this  theory  is  not  general  enough  to  apply  to  a  laminated 
plate.  Also  the  stress-equilibrium  relation  of  composite  layers  is  violated.  Dandan 
[1988]  used  axisymmetric  elements  to  solve  the  problem  of  free-edge  coupons  while 
continuity  of  tractions  was  not  satisfied.  Table  3  gives  a  comparison  of  theory  of 
Pagano  [1978]  with  those  of  Chang  [1987],  Hong  [1988],  and  Dandan  [1988]. 

In  Hong  [1988]  theory,  the  interfacial  transverse  stresses  are  not  considered  as  the 
direct  stresses  in  the  variational  formulation.  The  tractions  at  the  interfaces  are 
assumed  to  be  continuous  in  the  sense  of  interpolating  traction  components  from  one 
interface  to  another.  The  traction-free  boundary  conditions  also  are  not  satisfied. 
Pagano's  [1978]  approximate  theory  for  a  general  composite  laminate,  based  on  an 
application  of  Reissner's  variational  principle  to  define  the  six  stress  components,  has 
been  the  basis  of  solutions  to  some  problems  and  has  been  used  as  bench  mark  for 
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Table  3:  A  Comparison  of  Theories  by  Pagano,  Chang,  Hong,  and  Dandan 


I  Displacement 
I  Continuity 


Traction  |  Application  I  Application 
Continuity  I  to  I  to 

I  Coupon  I  Laminated  Plate 


validation  of  finite  element  procedures.  This  theory  appears  to  be  an  excellent 
candidate  for  successful  determination  of  stresses  in  composite  laminates.  The  finite 
element  method  can  handle  a  problem  of  complex  boundary  conditions  in  a 
straight-forward  manner  and  modern  computers  can  easily  handle  a  large  number  of 
algebraic  equations.  To  apply  the  finite  element  method  effectively  and  to  develop 
alternative  strategies,  it  is  desirable  to  write  the  governing  equations  in  self-adjoint 
form  so  that  the  general  procedure  for  development  of  variational  principles  for 
coupled  linear  problems  can  be  applied. 
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SECTION  III 


PAGANO'S  THEORY  OF  LAMINATED  PLATES 

3.1  Introduction 

In  this  section,  equations  of  Pagano’s  theory  [1978]  of  laminated  plates  are 
summarized.  Starting  from  the  equilibrium  of  an  elastic  solid,  equations  of  generalized 
equilibrium  in  two  dimensions  are  introduced.  Pagano's  theory  [1978],  based  on  an 
assumed  equilibrium  stress  field,  is  stated  along  with  derivation  of  constitutive  relations 
for  generalized  displacements. 

32,  Equilibrium  of  an  Elastic  Solid 

For  a  three-dimensional  solid,  the  differential  equations  of  equilibrium  for  linear 
elastostatics  are 

cr. .  +  f.  =  0  (12) 

•«  ' 

where  cr^  are  the  components  of  the  symmetric  Cauchy  stress  tensor  and  f,  are  the 
components  of  the  body  force  vector  per  unit  volume. 

3.2.1  Generalized  Equilibrium  of  a  Two  Dimension  Plate 

We  consider  a  plate  of  uniform  thickness  h  in  which  the  plate  is  assumed  to  be 
homogeneous,  linear  elastic.  For  the  Cartesian  reference  frame  used,  the  origin  is 
located  in  the  midsurface  of  the  plate  (x,—  x3  axes)  with  x3  axis  normal  to  this  plane, 

but  the  range  of  x3  is  limited  to  the  thickness  of  the  plate  i.e,  x3  =  ±  y . 

To  reduce  the  equilibrium  to  an  equality  in  two  dimensions,  the  equilibrium 
equations  are  integrated  over  the  transverse  dimension.  Equation  (12)  and  its  first 


20 


moment  are  integrated  over  the  plate  thickness.  Neglecting  the  body  force  components: 


h  b 


2 

2 

/ 

£ro,WdX3  +  /  ff«r3.3dX3  =  0 

(13) 

•'b 

2 

2 

b 

b 

2 

2 

/ 

ff3«.«dX3  +  f  a33,3dX3  “  0 

(14) 

Jb 

2 

2 

h 

b 

2 

2 

/ 

°-«WX3dX3  +  J  °W‘3dX3  =  0 

(15) 

h 

2 

2 

Defining 

h 

2 

V 

or 

-  /  "A 

(16) 

2 

h 

2 

N», 

-  /  <VX> 

(17) 

''h 

2 

b 

2 

,  *  /  ^  X3  dX3 

(18) 

h 

~  2 

+ 

cr , 

-  <r3(H) 

(19) 

i3 

13  2 

ar3 

-  > 

(20) 

The  integral  form  of  the  generalized  equilibrium  equations  (13), 

(14),  and  (15)  may  be 

written  as 

N.M  +  (tr«3  -  *.3>  '  0 

(21) 

Vo.n  +  (<T3+3  '  ^  =  0 

(22) 

21 


(23) 


M  +  -?j-(o-+,  +  a  J  -  V  =  0 

0,p,P  2  Or  3  o 


where  V„,  NuS,  Mufl  are  components  of  the  force  resultants. 


3.3  Kinematics 

For  small  deformation,  the  kinematic  relations  for  linear  elasticity  are: 

€  =  —  (u  +  u  )  =  u,  , 

'j  2  ‘■J  >>  M 


(24) 


where  €,,  is  the  symmetric  strain  tensor.  For  a  laminated  plate  subject  to  bending  and 
stretching,  in  order  to  reduce  the  problem  to  one  in  two  dimensions,  the  functional 
dependence  of  the  displacements  upon  the  transverse  coordinate  x3  is  made  explicit. 
Often,  the  in-plane  displacements  are  assumed  to  vary  linearly  within  the  plate. 
Mathematically,  for  a  plate,  this  can  be  expressed  as 

(25) 

where  ua  are  the  components  of  inplane  displacement  vector;  v0  are  the  displacements 
at  the  midsurface  of  the  plate;  and  <$a  are  the  rotations  of  the  crosssection  of  the 
plate.  Substituting  (25)  into  (24),  the  strain-displacement  relations  for  the  plate  become 


UA)  =  vo(V  +  x3^o(xP 


*  -  *<0)  4-  V  *- 

o/3  afi  ^  X3  o/3 


€  =  4"  (u  +  U  ) 

o3  2  O'.’  3.0 


€33  U3.3 


where  we  define: 


e[°l  m  4-(v_  +  v.J  =  v, 


op 


2  ** 


P.o' 


(a,P) 


Kafi  =  \  +  V  =  ^<o./3) 


(26) 

(27) 

(28) 

(29) 

(30) 
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Many  approximate  theories  use  (25)  or  higher  order  polynomials  in  as  the  starting 
point.  In  Pagano's  theory,  (24)  is  used  as  the  basis  of  evaluation  of  generalized 
displacements  from  strains  defined  through  constitutive  relations  by  the  assumed 
equilibrium  stress  field  in  each  lamina.  No  independent  assumptions  regarding  variation 
of  displacements  over  a  layer  or  over  the  laminate  are  made.  This  is  discussed  in 
Section  3.6. 


3.4  Constitutive  Relations  of  a  Monoclinic  Material 
For  linear  elastic  material,  the  general  stress-strain  relationship  is 
0 r.  =  E. 

ij  ijk I  kl 


(31) 


where  €kl ,  EiJkl  are  the  components  of  the  infinitesimal  strain  tensor  and  the  isothermal 
elasticity  tensor,  respectively.  In  the  absence  of  body  couples,  due  to  symmetry  of 
and  Cy  and  the  existence  of  an  energy  function 

(32) 

and  the  number  of  independent  constants  is  21.  For  a  monoclinic  plate,  with 
symmetry  about  x3  »  0,  the  number  of  independent  constants  is  13  and  the  reduced 
stress-strain  relationship  can  be  written  in  the  form 


E  «  E  «  F  «  F 

Cijkl  jikl  Eklij  Eijlk 


^<>(1  “  Eo0y b€yb  +  Eo.033€33 
ao3  “  **30  =  ^Ea3/33ep3 
°33  “  E33afi€ofi  +  E3333€33 


Inverse  relationship  of  (33)  can  be  written  as 


€o,0  "  ^opyb^yf,  +  ^33^33 


(33) 


€  .  -  €, 

or3  3o 


^<>3^03 


€33  ”  ^330^0$  +  S3333<r33 


(34) 


where  St#l  are  the  components  of  the  elastic  compliance  tensor  with  the  properties 

^.jkl  =  ^klij  =  ^jikl  =  ^ijlk 
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3.5  An  Approximate  theory 


3.5.1  Equilibrium  Stress  Field 

Equations  (16)  through  (18)  express  Va  ,  Nofl  ,  MaS  as  force  resultants  of  the 
components  of  the  stress  tensor,  determined  over  the  plate  thickness.  The  inverse 
relationship,  i.e.,  stress  distribution  for  given  Va  ,  Nafl  ,  Mafi  is  not  uniquely  defined. 
However,  if  an  assumption  is  made  regarding  distribution  of  some  of  the  components 
of  ov j  ,  the  distribution  of  the  others  can  be  determined.  For  homogeneous  plate, 
Reissner  assumed  linear  distribution  of  over  the  thickness.  If  craS  =  <ruS  +  H,iSx3, 
substitution  in  (17)  and  (18)  give 


O' 


a/3 


and 


(35) 


H 


h3 


(36) 


l.e. 


12M  .x, 

-  <%,  *  — 3°- 


The  first  two  equilibrium  equations,  in  the  absence  of  body  force,  in  (12)  are 


or  aa  +  <r  , ,  -  0 

op,p  <*3,3 


Integrating  (38)  over  the  thickness  of  the  plate, 

°*3  -  J 


+  O' 


Substitution  of  (37)  into  (39)  gives 


X. 

/.  12x, 

o-3  *  J  ^_"TT-Mae.a^dx3 


+  <3  ■  (x3  + 


(37) 


(38) 


(39) 


(40) 


Substitution  of  from  (23)  into  (40),  we  have 
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(41) 


.3-2- 


,2X^Vo-J(<3  +  ^ 


dX3  +  *a3  -  (X3  + 


From  (41),  we  have 

[y.  -  4SJ  l'  -  +  <3 +  (x3 ♦ 1>  tt 


“3  2h 

Here  we  define 

P  =  c r+  -  <y~ 

o  o3  a  3 

and 


— (cr+  +  or  ) 

2  o3  o3 


(42) 


From  the  third  equilibrium  equation  in  (12),  integrating  along  the  x3  axis  yields 

*33  *  *»  T  (*a3.«)dX3  (43) 

“h 

2 

Substitution  of  (42)  into  (43),  equation  (43),  combining  with  (43),  yields 


^*33  4  *33^  f/+  —  \  X3  h\  /  +  ~3FX3  *3  1 

*33  -  —  -2  — ~-{(*o3,0  -  <rayJ  (  2h  *  -g  }  4  (*or3^>  4  *.*.>  (-1  *  T 


1(0--  -  <T4  -  ^-1 } 


2  33  ”33^ 


(44) 


3h 


Following  Reissners  assumption  that  in-plane  stress  components  are  linear  functions 
of  x3  coordinate,  Pagano  assumed  the  in-plane  stress  distribution  to  be  given  by  (37) 
with  (35)  i.e. 


N 


*«*  “  h  + 


12x,M 


3‘  afi 


(45) 


but  derived  expressions  for  O’o,  and  (Ty  in  a  form  somewhat  different  from  Reissner’s. 
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3.6  Pagano's  Equations  of  Equilibrium 


Defining 


N„  -  /  ^ 


dx. 


M 


33 


2 

2 

1 

2 


a33X3dX3 


substitution  of  (44)  into  (46)  and  (47),  with  consideration  of  (22),  yields 


Substituting  (48)  and  (49)  into  (44),  we  have 


^33  “  {(a33 +  ^  [-rr~1]  +  i(<733  *  [~zr~] 


3^33  r.  _  dX3  1  *^M33r2X3..  ^X3  1 

2h  1  h2  1  h2  h  u3 


Adding  (22)  and  times  (49) 
h 


20M„ 
V  +  33 


2  +  (°"I3  '  *  }((r«3^  +  *  0 


Adding  (22)  and  ^  times  (49) 


60M„ 
V  +  - 

Q.o  .  2 


^33  '  <rI3)  '  J(<ro3.o  +  <7„3 J  =  0 


(46) 


(47) 


N„  -  -  <„> 

(48) 

M33  "  no(a°y°  +  a°>°)  +  io(ff33  ' 

Equation  (41),  with  (35)  and  (22),  gives 

(49) 

x,  (cr+,  +  <r-,)  xf 

3V  4x*  x 

(50) 

*  <<3  •  <3»y  * -V-  °2# 

- « + 

(51) 


(52) 


(53) 
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These  two  equations  may  be  used  to  replace  (22)  and  (49).  Summarizing,  Pagano's 
equations  of  plate  equilibrium  are: 


+  =  0 


V  + 

a,ot 


20M 


33 


+  (tr^k)  -  a^k))  -  +  cr^O  =  0 

33  33  g  or3#o  o>3,or 


(k) ' 


M  -  V  +  v(o-“-  +  cr+  )  -  0 

otp,fi  a  2  <*3 


(54) 

(55) 

(56) 


We  note  here  the  introduction  of  stress  resultant  M33 .  This  and  the  force  resultant  N33 
are  defined  by  (47),  (46)  and,  for  the  assumption  of  craP  linear  over  the  plate,  by 
approximation  equations  (48)  and  (49).  Equation  (49),  as  we  have  shown,  may  be 
replaced  by  (53)  yielding  the  following  equations  as  completely  defining  Njj,  M33  for 
Pagano's  theory: 


N 


33 


h(0r33  + 


60M 


- » 


12  0,3>‘ 


^  ^  +  O  «  0 


(57) 

(58) 


3.7  Constitutive  Relations  for  Generalized  Displacements 

Substitution  of  (45),  (50),  and  (51),  taking  account  of  (34),  into  the  variational 
equation  of  Reissner  Complementary  Energy  and  integration  with  respect  to  x3  leads  to 
the  appropriate  field  equations  e-d  boundary  conditions.  In  the  derivation  of  the 
governing  equations,  the  integration  with  respect  to  x3  gives  rise  to  weighted  average 
displacements  at  the  surface  of  each  layer.  Pagano  introduced  the  notation 
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r  = 


/ 


h  2 


h  2 

h  2  2x 


f  ¥d». 


f  = 


/ 


h/2  4X 


/  ¥  -3 


(59) 


where  f  may  represent  any  function  of  x3  The  constitutive  relations  given  by  Pagano 
[1978],  neglecting  the  expansional  strains,  were  derived  by  integrating  with  respect  to 
x3  the  quantities  €„c,  x}€^ ,  €33,  x3e33,  x3e33,  x]e33,  e<i3,  x3e„3,  and  x3eil3.  In  evaluation  of 
the  integrals,  repeated  use  of  integration  by  parts  and  substitution  for  stresses  cr  3,cr33 
for  equation  (50),  (51)  was  required.  The  resulting  equations  are: 


h 

2 

1 

2 


ea/3dX3  >  U(«.0)  h^a/3y6Ny6  +  Sa/mN33) 


(60) 


^  X3€o,0dX3  >  U(o,,/3)  *  2^S«0y6My6  +  ^c,g33M33^ 


(61) 


J *  €33dX3  >  U3  "  U3  ^33<*0^«0  +  ^3333^33 


(62) 


h 

2 

1 

2 


+  2  2 

x,€,,dx,  =>  u,  =  ut  +  u'  -  -p-S,,  nM 

3  33  3  3  3  3  k  33orp  a p  u  3333  33 


(63) 


J  X3€33dX3  >  ^U3  =  ^33o^o/3  '  5^3333^33  +  °33^  5  ^ 


N 

3333*  33 


+  3(U;  -  U3) 


(64) 
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J  =>  “3  -  jK  +  “P  -  ~kS 


M  -  — S  M 
33o,/rvlo,/3  °3333  33 


2 

1 

2 


JQ5  ^3333^33  ‘  ^33^ 


€  ,dx,  =>  U,  -  — S  ,-,V.  -  -^-(u+  -  U~) 

0(3  3  3, Of  k  Or  3^3  p  h  Q  ° 


(65) 


(66) 


/x,€  ,dx,  =>  —  u,  — — u  =  — S  ,fi,(cr^ 

3  t*3  3  4  3,0.  2  °  3  fi- 


-  cr  )  -  3-(u+  +  u  ) 
p3  p3  2  °  ° 


(67) 


/x^€  dx,  =>  u  =  -1-S  .-.(o'*  +  a  )  +  -^-S  ,V  +  — u* 

3  0(3  3  3,o(  |5  a3p3  p3  p3  5Jj  or3p3  p  h  ° 


f<»:  -  o 


(68) 


The  above  equations  contain  quantities  u*  and  u~  which  are  apriori  unknowns. 
Combining  (63)  and  (65)  to  eliminate  u,  +  uj  gives 


•*^3  U3  5^  ^33o(3^a/3  +  7^  ^3333^33  *  35  ^3333^33  '  ^33^ 

Combining  (62)  and  (64)  to  eliminate  u,  -  u,  yields 

6u  =  2S,.  flN  +  -  ~S,,.,,(o-*  +  cr') 

3  33oP  op  5  3333  33  5  3333  33  33 

Combining  (66)  and  (68)  to  eliminate  u*  -  u~  gives 


(69) 


(70) 


8 


U3,<*  ‘  U3^»  hU°  ”  15^o3P3^°’p3  +  a@3^  ~  5^  ^<>,303^0 


(71) 


Equations  (60),  (61),  (69),  (70),  and  (71)  are  Pagano's  constitutive  equations  for 
displacement  functions  in  terms  of  force  resultants  and  surface  tractions. 
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3.7.1  Equations  of  Displacement  at  the  interfaces  and  Interface 
Conditions 

Equations  (46)  through  (71)  apply  to  each  lamina  in  a  laminate.  The  positive  or 
negative  signs  of  the  superscript  denote,  respectively,  the  top  or  the  bottom  surface  of 
the  lamina. 


3.7. 1.1  Interface  Displacement  Equations 

The  displacement  at  the  interface  can  be  obtained  [Pagano  1978]  by  combining 
some  of  the  equations  (60)  through  (71).  Equation  (67)  gives  u^  +  u“  in  terms  of 
displacement  functions  and  surface  tractions  as 

(72) 


+  —  h .  —  2h  c  <•  +  \ 

u  +  —  S_,„,(crD,  -  or  ) 


u  +  u  =  — — u,  +  „ 

a  O  2  3.0  O 


3  ~  pr 

Equations  (66)  and  (68)  both  involve  u^  -  u~.  Combining  these  two  equations  gives 


u+  -  u  =  2h[— -iu.  +  — u  +  — uj 

«  O,  R  3.0  g  3.0  Ih  * 


3  ■’  +  +  <T~n) 


2h 


5  o303  03 


(73) 


-  — S  V 

5  °o3/53  V  0 


From  (72)  and  (73),  the  in-plane  displacements  at  the  interfaces  are: 

-h(4u. 


1-  3*3  fh*  1-3 

8  J3.o  8  u3.o  2h  U“  4 U3>"  2 U" 


(4<r^  -  a  )h  V 

+  4S  [ - fi3 _ fi3 _  -  _JLl 

“W1  30  10 J 


U  =  h(-j^-U  ‘  4‘u.  '  ~U  )  -  (-Tui  *  U  ) 

o  8  3a  8  3’0'  2h  °  4  3-“  2  “ 


(4<r  -  cr*)h  V 

.  4C  f  P3  P3  .  _ £.1 

“Wl  30  10  j 


(74) 


(75) 


Clearly,  other  combinations  of  (66)  and  (68)  are  possible.  Combining  (62)  and  (64)  to 
eliminate  NnS  yields 

-  jWu  ,  4  <r-u)  (76) 
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Combining  (63)  and  (65)  to  eliminate  MuS  leads  to 


U3  +  u3  2  ^3  2°3  711^3333^*33  +  j4  ^3333^a33  <T33^ 

From  (76)  and  (77),  out-of-plane  displacements  at  the  interfaces  are: 


(77) 


— (5u 

-  u  )  +  — u’ 

s 

J3333 

4  3 

3  2  3 

70h 

— (5u 

-  uj  -  —  u* 

c 

°3333r 

4  3 

3  2  3 

70h 

33 


_+  2 


33y 


33 


33 


33J 


33J 


(78) 

(79) 


3.7.1.2  Interface  Continuity 

Using  superscripts  in  parentheses  to  denote  the  identifying  lamina  number,  the 
condition  of  continuity  of  displacement  and  traction  at  the  interfaces  implies  that  for 
k-1,  2,  3,  ...  .  .  N-l, 


<k)  +<k+l) 

*^i3  "  ^3 


u<ik>(-tk/2)  -  u;k+,)(tk+1/2) 
where  ^  is  the  thickness  of  the  kth  layer. 


(80) 

(81) 


3.7.13  Prescribed  Tractions 


On  interfacial  planes,  tractions  or  displacements  may  be  specified  [Pagano  1978]  in 
the  case  of  a  cracked  or  unbonded  interfacial  region.  Symbolically,  if  tractions  are 
specified, 


<r 


+(k+  1 ) 
i3 


=  & 


*(k+  1) 
13 


(82) 


for  k-1.  2,  3,  .,  .  .  .  N-l 
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3.7. 1.4  Prescribed  Displacements 


Pagano  [1978]  allowed  for  specification  of  displacements  at  interfaces  i.e.,  for  k=l. 


u<ik)(-tk/2)  =  u<k) 
uf+,)(tk+/2)  =  a!*0 


(83) 


The  field  equations,  which  consist  of  the  elastic  constitutive  realtions,  equations  of 
equilibrium,  and  equations  of  continuity  in  displacements  and  tractions,  must  be 
satisfied  within  each  layer  for  the  composite  laminated  plate. 


i 


% 
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SECTION  IV 

VARIATIONAL  FORMULATION  OF  PAGANO'S 
THEORY  OF  LAMINATED  PLATES 

4.1  Introduction 

To  implement  the  theory  described  in  Section  III  in  a  finite  element  analysis,  a 
self-adjoint  form  of  the  governing  equations  along  with  consistent  boundary  conditions 
is  desirable  so  that  Ritz  type  variational  formulation  can  be  employed.  In  this  section 
we  outline  the  basic  procedure  developed  by  Sandhu  and  Salaam  [1975]  and  Sandhu 
[1976]  for  variational  formulation  of  linear  problems  and  then  proceed  to  apply  it  to 
Pagano's  theory  of  laminated  composites. 

It  is  shown  that  Pagano's  equations  as  originally  stated  and  described  in  Section  III 
do  not  readily  lend  themselves  to  a  self-adjoint  formulation.  A  modification,  reducing 
the  number  of  field  variables,  is  introduced  to  ensure  a  self-adjoint  formulation.  A 
general  variational  principle  for  the  problem  is  stated.  Extended  variational  principles 
are  developed  using  self-adjointness,  in  the  sense  of  the  bilinear  mapping  used,  of  the 
operator  matrix.  Specializations  to  reduce  the  number  of  field  variables  by  requiring 
that  some  of  the  field  equations  be  satisfied  exactly  are  derived.  The  general  approach 
provides  a  basis  for  development  of  consistent  finite  element  approximation  procedures. 
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4.2  Basic  Variational  Principles 

In  order  to  develop  variational  formulations  for  the  multivariate  problem  of 
laminated  composites,  it  is  necessary  to  introduce  some  definitions  and  procedures.  We 
summarize  here  the  approach  introduced  by  Sandhu  [1976]  for  a  self-adjoint  linear 
operator. 


(84) 


4.2.1  Boundary  Value  Problem 

A  typical  boundary  value  problem  is  defined  by  the  set  of  equations 

A(u)  =  f  on  R  , 

(Xu)  =  g  on  S 

where  R  is  an  open  connected  bounded  region  in  an  euclidean  space,  S  is  the  boundary 
of  R  ,  and  R  is  the  closure  of  R.  A  and  C  are  linear  bounded  operators.  The  operator 
A  is  the  field  operator  and  C  is  the  boundary  operators 

(85) 

(86) 

where  VR ,  Vs  are  linear  spaces  defined  over  the  region  R  and  S  and  WR,WS  are  in 
general,  dense  subsets  in  VR,VS,  respectively.  Operator  A  and  C  are  linear  implies 


A  :  WR-VR 


C  :  Ws-Vs 


A(au+bv)  =  aA(u)  +  bA(v) 
CXau+bv)  =  aC(u)  +  bCXv) 
where  a  ,b  are  arbitrary  scalars. 


for  all  u  ,  v€W 


for  all  u  ,  v€W 


(87) 

(88) 


4 22  Bilinear  Mapping 

A  variational  formulation  of  the  problem  seeks  to  set  up  an  equivalent  problem  so 

that  the  search  for  u0€W  for  known  f  corresponds  to  the  search  for  a  function  F 

whose  stationary  points  are  solutions  to  the  given  equations.  The  function  is  based  on 

use  of  suitable  bilinear  mapping  B„  and  Bs  such  that 

B»  =  V,  X  V„-s  (89) 


B$  :  Vs  X  Vs-S 


(90) 


where  VR,VS  and  S  are  linear  vector  spaces.  To  each  ordered  pair  of  vectors 


u  ,  v€V  ,  B  assigns  a  point  B(u,v)€SI  such  that: 

B(u  ,  v)  =  B(v  ,  u)  (91) 

B(aUj+bu2  ,  v)  =  aB(Uj  ,  v)+bB(u2  ,  v)  (92) 

B(u  ,  av,+bv2)  =  aB(u  ,  v^+bBCu  ,  v2)  (93) 

where  a,b  are  scalars.  BR  is  said  to  be  nondegenerate  if 

Br(u  ,  v)  =  0  for  all  v€V  if  and  only  if  u  =  0  (94) 


A  variety  of  bilinear  mapping  have  been  used  [Sandhu  and  Salaam,  1975]. 

423  Self-Adjoint  Operator 

An  operator  A  is  said  to  be  adjoint  of  operator  A:W-*V  with  respect  to  a  bilinear 
mapping  B„(  ,  )  :  V  X  V-*S  if 

Br(u  ,  Av)  -  B„(v  ,  A  u)  +  Ds(v  ,  u)  for  all  v6W  ,u€V  (95) 

where  Ds(v  ,  u)  represents  quantities  associated  with  the  boundary  S  of  R.  If  A  ,A* 
are  linear,  Ds(u  ,  v)  is  bilinear  in  its  arguments.  If  A*  *=  A ,  this  A  is  said  to  be 
self-adjoint.  If  A  is  a  self-adjoint  operator,  Ds(u  ,  v)  is  antisymmetric,  i^n 

Ds(u,v)  =  — Dj.(v  ,  u)  (96) 

A  self-adjoint  operator  A  on  V  is  symmetric  with  respect  to  the  bilinear  mapping  if 
W  =  V  and 

Bs(u,Av)  -  B$(v  ,  Au)  (97) 

Two  operators  A  ,  E  are  equal  on  V  if  they  have  the  same  domain  and  range  and 
A(u)  *  E(u)  for  all  u€V 
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4.2.4  Gateaux  Differential  of  A  Function 

The  Gateaux  differential  of  a  function  F  :  V-*S  is  defined  as 

A  F(u)  =  lim-^-[F(u+Xv)— F(u)]  (98) 

v  x-o  X 

provided  the  limit  exists.  The  quantity  v€V  is  referred  to  as  the  path,  X  is  a  scalar, 
and  if  u,v€V  then  u+Xv€V.  If  AvKu)  exists  at  each  point  in  a  neighborhood  of  u, 
(98)  can  be  equivalently  written  as 

\Ru)  -  <*» 

If  the  Gateaux  differential  is  linear  in  v  and  there  exists  G(u)€W,  a  linear  vector 
space,  and  a  bilinear  mapping  B  :  V  X  W  -»S  such  that 

AvF(u)  =  B(v  ,  G(u))  (100) 

G(u)  may  be  regarded  as  the  gradient  of  F  at  u .  If  B  is  continuous  and 
non-degenerate  and  G(u)  can  be  identified  with  the  residual  P(u)  at  u  ,  F(u)  is  the 
potential  of  the  operator  P.  This  is  the  basis  for  setting  up  variational  formulations. 

42.5  Variational  Principles  For  Linear  Operators 

For  boundary  value  problem  with  homogeneous  boundary  conditions,  Miklhin 
showed  that  for  self-adjoint,  positive  definite  operator  A,  the  unique  solution  u0 
minimizes  the  function 

ft(u)  =  BR(u  ,  Au)— Br(u  ,  2f)  (101) 

Here  the  inner  product  was  used  as  the  bilinear  mapping.  Conversely,  u0  which 

minimizes  the  function  of  (101)  is  the  solution  of  the  problem  defined  by  the  set  of 

(84).  Gateaux  differential  of  (101)  yields 

A  Q(u)  -  lim-i-[B(u+Xv  ,  A(u+Xv))— B(u+Xv  ,  2f)— B(u  ,  Au)+B(u  ,  2f)] 
v  x-oX 

=  B(u  ,  Av)+B(v  ,  Au)— 2B(v  ,  f) 

=  2B(v  ,  Au-f)  =  0  (102) 
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if  A  is  symmetric 

In  addition  to  the  symmetry  of  the  bilinear  mapping,  only  linearity  and 
self-adjointness  of  the  operator  A  are  assumed  in  writing  (102).  The  Gateaux 
differential  evidently  vanishes  at  the  solution  u0  such  that  Au0— f  -  0  In  order  that 
vanishing  of  the  Gateaux  differential  at  u  =  u0  imply  Au0— f  =  0,  the  bilinear 
mapping  has  to  be  non-degenerate.  To  prove  the  minimization  property,  the  bilinear 
mapping  has  to  be  into  the  real  line  and  the  operator  must  be  positive.  However,  in 
general,  it  is  only  necessary  to  use  vanishing  of  the  Gateaux  differential  as  equivalent 
to  (84)  being  satisfied.  For  nonhomogeneous  boundary  conditions,  Sandhu  [1975]  showed 
that  for  a  linear  self-adjoint  A  and  C  consistent  with  A,  an  equivalent  function  to 
the  set  of  field  equations  is  stated  as 

fl(u)  -  Br(u  ,  Au-2f)+B$(u  ,  Cu— 2g)  (103) 

Consistency  of  boundary  operators  with  field  operators  is  considered  in  the  following 
sub-section.  Sandhu  [1975]  pointed  out  that  appropriate  boundary  terms  should  be 
included  in  the  governing  function  even  if  they  are  homogeneous. 

4.2.6  Coupled  Problems 

If  u  is  not  a  single  field  variable  but  consists  of  n  dependent  field  variables,  then 
a  linear  coupled  boundary  value  problem  may  be  written  explicitly  as 

n 

LA  u  »  f  on  R  i  =  1,  2,  .  .  .  .  n  (104) 

ij  j  i 

r  i 

n 

y  C  u  -  g(  on  S  i  =  1,  2 . n  (105) 

j  i 

Here  A(j  is  an  element  of  the  matrix  of  field  operators  and  Ctj  is  an  element  of  the 
matrix  of  boundary  operators  such  that: 

A  :  W  -V  i,  j  =  1,  2,.  .  .  n  (106) 

'J  X, 
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C  :  w  -V  i,  j  =  1,  2,.  .  .  n  (107) 

where  WR)  and  are  subspaces  of  VRj  and  ,  respectively.  (103)  is  completely 

analogous  to  (104)  through  (105)  if  u  is  regarded  as  an  n-tuple  u={u( ,  i=l,...n}  and  A 
is  a  matrix  of  operators.  Similarly  C,g,f  have  extended  definitions.  Then  u€V„ 
where  VR  is  the  direct  sum  VR  =  VRl+VRj+  .  .  .  VRn  .  A  bilinear  mapping  B„  on 
VR  is  defined  by 


n 

Br(u  ,  v)  =  £  BR  (u.  .  v.)  (108) 

i-l  ‘ 

where  BR.  is  a  bilinear  mapping  defined  on  VR  .  The  matrix  of  operators  At}  is 
self-adjoint  with  respect  to  the  bilinear  mapping  if 


ivuj  •  v.)=y  vi  -  zv? +  °s(v,  * u? 

ri  j-i 


1,  2, 


(109) 


The  matrix  of  boundary  operators  is  said  to  be  consistent  [Sandhu  1976]  with  the 
self-adjoint  matrix  of  field  operators  if  Ds  in  (109)  satisfies 


Ds(v, 


u  ) 

J 


Vv.  *  Lc^?-LBs^i  •  c»v? 

r  *  j- > 


(110) 


Substitution  of  (110)  into  (109)  results  in 


Iv 

r  > 


(u 


A  v)  = 

j'  > 


V'v, 


,  T  A  u  )+B,(v  ,  7C  u  )—  T B,.  (u 

4*  u  j  st  i  4*  ij  j  4*  s,  j 


C  v) 

j'  ' 


(111) 


r  i 


j-i 


ri 


Sandhu  [1975]  showed  that  the  Gateaux  differential  of  the  function  defined  by 
(103),  along  with  the  extended  definitions  (108)  through  (ill),  vanishes  if  and  only  if 
the  (104)  and  (105)  are  satisfied.  The  functions  approximating  the  field  variables  are 
required  to  obey  certain  continuity  requirements  so  that  they  are  admissible  as  possible 
solutions  of  (104)  and  (105)  i.e.  each  function  Uj  lies  in  the  domain  of  the  set  of 
operators  (A,j  ,  i  -  1,  2,  .  .  n  }.  However,  in  seeking  approximation  to  the  correct 
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solution  by  the  finite  element  method,  the  region  under  consideration  is  discretized  into 
a  finite  number  of  elements  and  the  field  variables  are  represented  by  functions  which 
satisfy  the  continuity  conditions  only  piecewise  within  each  element.  If  the  continuity 
conditions  along  the  interelement  boundary  are  not  satisfied,  internal  discontinuity 
conditions,  [Sandhu  1976]  need  to  be  introduced  in  the  form 

n 

Z(C  u  )'  =  g'  on  R  (112) 

ij  j  6 1  i 

r» 

where  a  superscripted  prime  denotes  the  internal  jump  discontinuity  along  element 
boundary  R,  embedded  in  the  domain  R  and  g'  are  the  specified  values  of  the  jump 
discontinuities.  Sandhu  and  Salaam  [1975]  showed  that  this  condition  can  be  included 
explicitly  in  the  governing  function  by  simply  adding  a  term  and  defining  the  bilinear 
map  over  R  as  the  sum  of  maps  over  individual  elements. 

43  Self -adjointness  of  Pagano's.  Equations 

43.1  Introduction 

The  field  equations  for  a  single  lamina  include  the  equilibrium  equations  and  the 
constitutive  relationships.  These  are  given,  respectively,  by  (21)  through  (23)  and  by 
(60),  (61)  along  with  (69)  through  (71).  There  are  five  equations  of  equilibrium  and 
ten  constitutive  relationships.  For  a  laminate,  however,  the  interfacial  displacements 
and  tractions  are  additional,  apriori  unknown,  field  variables.  The  six  surface 
displacement  components  are  given  in  terms  of  mechanical  and  kinematic  variables  by 
(74),  (75),  (78),  and  (79).  The  field  variables  must  also  satisfy  the  continuity 
requirement  expressed  by  (80)  and  (81).  Satisfying  the  constitutive  relations  (74),  (75), 
(78),  (79),  the  continuity  equations  are  replaced  by  relationships  between  mechanical 
and  kinematic  field  variables.  In  the  following  we  restate  Pagano's  equations  for  a 
laminate  and  examine  their  self-adjointness. 
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4 32  Equilibrium  Equations 

From  (21),  (22),  and  (23),  we  have,  for  the  kth  layer, 

+  <<4°  -  <3k>)  -  0 
Tr.  N<i’  +  (^3k>  -  4^  =  0 


Tr.  <  -  V<k)  +  T(<3k>  +  O  “  0 


where 


r.  =  (8  JL  +  -L) 

1  "r  a/s  <»ratt 


(113) 

(114) 

(115) 


(116) 


4.3.3  Constitutive  Equations 

Equations  (60)  through  (68)  are  nine  sets  of  constitutive  equations  for  the  plate. 
Equations  (62)  and  (64)  are  used  to  set  up  (70)  and  (76)  and  can  therefore  be  replaced 
by  the  latter.  Similarly  (63)  and  (65)  can  be  replaced  by  (69),  (77)  and  (66),  (68)  by 
(71),  (73).  Restating  (67)  as  (72)  and  replacing  (72)  and  (73)  by  (74),  (75),  Pagano 
used  (60),  (61),  (69)  through  (71),  and  (74)  through  (77)  as  the  16  constitutive 
equations.  Equations  (60),  (61),  and  (71)  rewritten,  for  the  kth  layer,  are: 

-<k) 


1  r  (  \  1  c(k)  M(k)  ,  1  c(k)  (k) 

r2(  )  .  rsMpa„Nn/!  +  — smp,3Nj3 


(117) 


,(k) 

lT./-3Ur  N_12c<k)  Jk),  12P(k)  (k) 

7  r2(  ~  )_  _TSm^Mo^+  “TSmp33M33 

‘  lk 


,(k) 


3,— (k)  *!k)\  ,,UP 
— (u.  ~U  )  +3-^- 

4  3  3  ,p  j 


24  c<k)  y(k) 
5tk  P3r3  r 


2  p(k)  f  +(k)  ~(k)\ 

5-Sp3r3(<Tr3  +  *,3  } 


(118) 


(119) 


where 


(5  A.  +  6  JL) 

pr  8P  pr  8M 


(120) 
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4.3.4  Operator  Matrix  Form  of  the  Field  Equations 

Combining  the  equilibrium  equations  (113)  through  (115),  the  definitions  (48),  (49), 
and  the  constitutive  equations  (117)  through  (119)  along  with  (69),  (70),  appropriately 
modified  to  apply  to  the  kth  layer,  the  complete  set  of  equations  for  the  kth  layer 
can  be  written  as: 

[A'/k){u'}(k)  +  [B'/k){cr'}_<k)  +  [C'j^VT110  =  0  k  =  l  ,2,3,  .  ,  .  N  (121) 
where  [A'f K) ,  [B'](k> .  [C'fk)  are  operator  matrices  and  {u'}<k) ,  {ff'}4k) ,  {tr'}-00  are  sets  of 
field  variables,  respectively.  Explicitly, 


lA'fk)  = 


0 


o  ooo  -r, 

2  1 


0  0  0  0  0  0 


0  0  0  0  0  0 


0  0  0  1  0  0 
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If 

2  1 
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4S 


(k> 


8S 


<k) 


33o  P  _  3333 


5t, 


7t, 


0  0  0  0  1  -2S"  „  o 


s(k) 

o  0  0  -JiSSL 


0  0  0  0  0  0 


o  -4-r,  ooo  o 
2  2 


0  0  0  0  0  0 


o  -8  —3-  0  0  0 

*  6p 


(j(k) 

mp3  3 


0 


0 


0 


J2s(k)  1 2  g(k) 

3  MP»P  3  MP3  3 

tk  tk 


yor 


dv 


0 


0 


0 


n  24  _(k) 

5^  p3y3 


(122) 
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2(  ^k>-G(k> 

4V  3  3 


3^ 


<u'}(k'  - 


(126) 


The  ten  sets  of  equations  in  (121)  are,  respectively,  (114),  (115),  (113),  (69),  (70),  (117), 
(48),  (118),  (49),  and  (119). 


4.3.5  Displacement  Continuity  Conditions 


From  the  first  two  equations  in  (81),  we  have 


u^k)  -  u*k+l) 


Substitution  of  (74)  and  (75)  into  (127)  leads  to 

8  3.0  8  3.0  2  -  -  - 


(128) 


=  _t  (2G(M,)-iu<k4l)--J_u'a‘,)M^u;<k,,-Io<k4l)) 

k  1  8  3.°  g  3,a  2t  °  4  3, a  2  “  ' 

-OO  ~ (^DV  \;(k’»> 

+  4s(k;fl'’[^ — — ] 

°3^3  30  10 

From  the  third  equations  in  (81 ),  we  have 

-<*)  MUD 

3  3 

Substitution  of  (78)  and  (79)  into  (129)  leads  to 


3  /--Mil)  r^k)3  3  *(k)  .3333  r/£  _(k)  ,  -(k-lV2  -7»M(k)  ■JA\^(k)1 

— (5u  -  u  )  -  — u  -  — - — loo-  +  <t  )t.  -  7t.N,,  +  30M,J 

4  3  3  2  3  70t  33  33  k  k  33  33J 

k 

3/*'<k*  I)  -<k-lk  3  -(k’ 

*  7(5U3  -“j  )+2U3 


Adding  displacement  continuity  equations  (128),  (130)  to  (121)  above,  the  complete 
set  of  equations  can  be  written  compactly  in  the  form 

[Lfk)  {r}(k)  -  {0}  (131) 

where 


[Lfk)= 


[Cjk)  [A 'fk)  [B ’fk)  [0]  [0] 

[H.f'0  [H2fk)  [H3/k)  [H4fM)  [H5fk*n 


{r}(k)  =  {o-'}_ik) 
{u'}(k+,) 

{<rrk+,) 
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[Hjfk  ,)= 


2  c(k) 


— t  S<k) 

70  kJ3333 


—8  —  0 
VP  2 


i)L8  8„  0  0  0  0 

24  “>  0pgr 


[H/>= 


0  0-1  -- 


o  —_2H1  0 


2e<k) 

"  5  5r3p3 


[H3f°= 


— (t  S<k)  +t  s<k+1>) 

15  Uk  r3p3Tlk+l  r3p3  J 


(t  S(k^  +t  s<k+1>) 

-}<  ''lka3333^lk+ia3333J' 


Is  1*1L  0  --^11 

yp  2  8 


[H/+,)= 


0  0  1 


JliS  8  1  0  0  0 

24  °v  Ppq r 


p(k+ 1)  ,„(k+l) 

0  —  o  —  —llli 
10  7t  , 


2_-(k*  t) 

'  5  r3*3 


(H5f+,)= 


__  2  «(k+l) 

15  lk+l  r3p3 


1  p(k+l) 

70  lk+lS3333 


The  two  sets  of  equations  (132)  correspond,  respectively,  to  (121),  and  to  the  pair 
(128),  (130).  For  the  laminate,  combining  equations  for  the  layers  (k),  (k+l)  and 
(k+2),  we  get 
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[nf  l) 

[H4fk) 

[H, Jk) 

[0] 

[0] 

[0] 

[0] 

[C'fk) 

[A'fk) 

[B']<k) 

[0] 

[0] 

[0] 

[0] 

[H,fk,) 

[H2fk) 

[H3fk) 

[H4f+,) 

[Hsf+,) 

[0] 

[0] 

[0] 

[0] 

[A'fk4,) 

[B'/k+1> 

[0] 

[0] 

[0] 

[0] 

[H,/k) 

[H2f+1) 

[H3f4l) 

[H4f42> 

[H5f+2) 

[0] 

[0] 

[o] 

[o] 

[cT2) 

[aT2) 

[B'f+2) 

[0] 

[0] 

[0] 

[o] 

[H2f*2) 

[n3]<k  2) 

<r}(k) 


{cry01'0 

<u'}<k) 

{c rTM 

{u'}(k+,) 

i<r'}"<k+,) 

{u'}(k+2) 

{a'}^k+2) 


(139) 


(140) 


For  this  matrix  of  operators  to  be  self-adjoint,  a  sufficient  condition  is  that  [A'fk)  and 
[Hj10  be  self-adjoint  and  [B'fk>  be  the  adjoint  of  [H2fk),  [H4fk)  of  [C'Tk)  and  [H,Tk)  of 
[Hsf,n.  This  is  not  true  for  the  above  formulation.  As  the  operators  are  all  linear, 
it  would  be  possible  to  follow  Tonti's  [1967]  approach  and  write  the  variational 
formulation  as  a  generalization  of  Mikhlin  [1965]  least  square  method.  However,  this 
type  of  formulation  when  used  with  the  finite  element  procedure,  would  require  base 
functions  with  a  high  degree  of  regularity.  This  would  be  prohibitively  expensive  to 
use.  An  alternative  is  to  use  u\k),  and  u(jk)  as  field  variables  instead  of  the 

-j 

combinations  ■—  ( u(3k))  and  3ul3kl  —  u'Jk).  This  would  yield  a  self-adjoint  form. 
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However,  a  simpler  strategy,  based  on  reduction  of  the  number  of  field  variables,  is 
presented  in  the  following  section.  This  approach  will  lead  to  a  generalized  Ritz  type 
variational  formulation  convenient  for  development  of  finite  element  approximations. 

4.3.6  Discussion 

Pagano  [1978]  used  seven  equilibrium  equations,  (113)  through  (115),  and  (48),  (49), 
ten  constitutive  equations,  (60),  (61),  (69),  (70),  (71 ),  and  six  interfacial  continuity 
equations  (80),  (81),  to  solve  for  23  field  variables  as  given  in  (125)  and  (126). 
Actually,  there  are  only  five  equations  of  equilibrium  and,  therefore,  there  can  only  be 
five  corresponding  displacement  field  variables.  The.  quantities  N33  and  M33  must  be 
regarded  as  entities  introduced  for  convenience  and  completely  defined  by  (48)  and  (49). 
Using  (48)  and  (49)  to  eliminate  Njj  and  M33,  the  number  of  local  mechanical 

variables  reduces  to  eight  requiring  exactly  eight  constitutive  equations.  Noting  that 

u3,  u*  may  be  regarded  as  defined  completely  by  (69)  and  (70),  substitution  in  the 

remaining  eight  constitutive  equations  viz.  (60),  (61 )  and  (71)  gives  exactly  eight 
equations  for  the  eight  local  kinematic  variables  viz.  uW) ,  and  u3^  derived 

from  the  five  global  variables  ua,  u*  and  u3.  The  total  number  of  field  equations 
[Pagano  1978]  is  thus  reduced  to  19  in  five  independent  displacement  field  variables, 
eight  mechanical  quantities  and  six  interfacial  tractions  and  displacement  components. 

The  set  of  interfacial  displacement  continuity  equations  and  field  equations  constitutes  a 
self-adjoint  system.  The  precise  form  is  derived  in  the  following  section. 
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4.4  Self-adjoint  Form  of  the  Field  Equations 

In  this  section  we  restate  the  governing  equations  of  Pagano's  theory,  after 
elimination  of  N33  and  Mu,  in  a  self-adjoint  form.  Essentially,  this  consists  of  using 
(48)  and  (49)  as  definitions  for  N33  and  and  to  eliminate  them  as  field  variables 

from  the  system  of  equations. 


4.4.1  Displacements  at  the  Interfaces 

Substituting  for  N33  from  (48)  into  (70)  leads  to 


— u  =— S,,  „N  „+— S  ,,(o\  +  cr  )  +  —  S,,,,(<x+,  -  a  ) 

9  3  9  3  Jap  ap  ^  3333  33  33  9  Q  3333  r3.r  r3,r 


2  3  2  3 Jop  op  4 

Differentiation  with  respect  to  x  gives 


2  3 

■JU3.P  “  ^2'S33a/SN«AP+ 24  S3333^<T33,p  +  °33,  J  +  *120  S3333^°"r3.rp  ~  <T,  3.rp^ 

Substituting  for  M33  in  (69)  using  (49)  gives 

y(3u3  -  “3)-^SJ3o^Mtt^+— S33i3(o-33  -  S333J(crr3  r  +  crr3  r) 

Differentiating  with  respect  to  xp  gives 

h^'gU3.p_‘8U3P  *  7oS33»PMqAp  +  280h  S3333^Cr33.p  *  ^  33.,) 

.  \ 

-S,,,,(c r*  +  <r”  _) 


340  3333  r3.rp  ~  r3.rp' 

Substituting  (142),  (144)  in  (74)  and  regrouping  terms: 

Up  =  y^p  +  yUp  '  '^2"S33o,pNoP.P  *  'JoS33a0Mo/3.p  *  "5Sp3r3Vr 
J20  ^3333^<Tr3,rp  '  U rXr)  +  ~^^>p3r3'<J  r3~' ^r?) 

— S,„,(cr+  +  cr-,  )  +  -^-S  ,  ,(cr+  +cr-,) 

84  0  3333  r3.rp  r3.rp  ^  p3r3  r3  r3 


h2S,,,,(o\  -  cr,,  )  -  ~ S,,,,(cr*  +  c,,  ) 

280  3333  33,p  33,p  24  3333  33,p  33,  p 


(141) 


(142) 


(143) 


(144) 


(145) 
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Similarly,  (75)  with  (142)  and  (144)  gives 


Up  “  2UP  ’  2Up  "  12  S33*0N<»/3,p  +  ioS33a/3Ma/3.P  +  5  Sp3r3Vr 


^  j  ^  h  + 

JJo  **3333^3,^  '  **11,11)  +  'J^plrl  Trl~<rrl^ 


+  840  ^3333^crr3.rp  +  ^rlj p^  ~  5  ^p3r3^<7r3+Crr3^ 


+  280 h  ^3333^33^  ‘  **13^  *  24  ^3333^33^  +  ** ll,p 


(146) 


Substituting  for  NM  and  M33  from  (48)  and  (49),  with  (141 )  and  (143),  (78)  and  (79) 
give 

U3  “  "4^3  *  “3^+  +  5^  S33o,/3Mo,0+‘JS3333^°’33  +  **  33^ 

17 


+  — -7-hS„,,(<r^,  -  o-,,) 

140  3333  33  33 


+  h  S3333^280^<rr3r+<rr3r^+  74  ^°W  ar3,r^ 


24 


(147) 


u3  “  4(u3  ‘  **3^~  2  S“^33Noe  +  5Jj  S33<*0MC*0  4S3333^<r33  +  ^33^ 

+  140  h^3  3  3  ^ 3  3  '  ^33^ 

+  h2S3333^2|o(Crr3.r+<yr3.r>-^-(crr3,r-CTr3,)l 

Following  Pagano  [1978],  we  introduce  v^k)  and  <j?pk)  through  the  relationship 

— (k) 

?k)  -  Ojl- 
o  2 


4k) 

p  u 


(148) 


(149) 


(150) 


Using  (149)  and  (150),  (145)  through  (148)  may  be  rewritten  as: 


(k)/  ^k  \  — (k)  ^k  "T(k)  ^k  p(k)  vr(k)  1  c(k)  w(k)  2  Q(k)  y(k) 

Up  (T}  =  V/>  T*»  '  n  S33»/»N*Ap  ”  !o  S33^M»Ap  '  ?Sp3r3Vr 

t3  t 

lk  c^k)  /  +(k)  _-<k)  \  lk  c(k)  /  +(k)  -(kk 

'  "^20^ S3333^<rr3.rp  "  ^Tl.rf)  +  3  ^p3r3^r3  ar3  ^ 

lk  C (k)  (~+(k>  rr~(k)  3  j  ^k  Q(k)  /  *(k)  -(kK 

-  ^S3333(crr3.rp  +  °W  +  ySp3r3(<Tr3  +CTr3  } 

t2 

3  .  2c(k)  ,  4(k)  -<kk  \  c(k)  ,  -Kk)  _~<kk 

280^^3333^33^  '  CT33.p^  *  24  ^3333  +  ^^-P 


2  c(k)  .  ,(k) 


(k)/  lk  i  — (k)  lk  -r(k)  tk  c(k)  KI(k)  1  c(k)  M<k)  t  c'*-' 

Up  (-y)  =  VP  -  y^p  -  i2S33^N“ftp  +  loS33^M^p  5  p3r3 

lk  c^k'  /  *<k)  -(k)  \  lk  c(k)  /  +<k)_  -<kk 

120S-3333  <rr3  rp  ~  <Tr3-rP  3  ^p3r3^ar3  ar3  ^ 


k  p(k;  /  Hk)  -<kk 
JSp3r3(ar3  <^3  } 

Xl  c(k)  /  ■ +<k)  _-00  x  lk  c<k)  /  «<k>+n.-<kK 

8^S3333(<rr3.rp  +  ^rS.rp'  '  ^  Wffr3  +<Tr3  > 


t2 

3  ,2c(k)  (Hk)  „-<kK  \  M  ,+(k)  -(kk 

+  280  tkS3333^(T33,p  *  a33,p'  '  24  ^3333XtTi3.P  +  ^33^ 


ki  lk  ^  — (k)  1  c(k)  v(k)  6  c(k)  ».<k).  lkc(k)  /  +<k)  _~(kk 

U3(±y)  -  V3  ±  2S^33  ^  TS3333(Cr33  +  *33  > 


17  _  „(k) 


„(k)  ,  +(k)  -UK 

+  — — t.S,,,,(<7,,  -  o\,  ) 

1^0  k  3333  33  33 


-(kk 


2c(k)  r  3  /  «<k)  ,  -(kk  1  f  *(k)  -(kki 

+  hS3333^  280(tr'  Xr+<Tr3,)±  ^J(crr3,-£rr3.r)J 


24 


where 


^k)  =  2(^°  -  G(k)) 


(151) 


(152) 


(153) 


(154) 
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4 A2.  Constitutive  Equations  for  Generalized  Displacements 


The  eight  constitutive  equations  for  the  kth  layer  are  given  by  (60),  (61),  and 
(71).  Substituting  (48)  and  (49)  into  (60),  (61),  we  have  for  kth  layer,  with  (149) 
and  (ISO) 

2F2Vr  =JU^>  i;  ^33lT(  33  +a33  )+ 12(ar3.r-<rr3.Pl  (l55) 

2  3 

1  r  3<k>_  3  ,/k)  -  12  C(k)  X3(k)J.  12  C(k)  r  k 

2F2^r  "“VP)— TS^^M^+-TS,P33[^(Cr33  "^33  »UQ ^3.^3.^  U56) 

k  lk  lk 

(71)  can  be  rewritten  as 

vj’+tf1’  -  — Cu^’-u^H— u-*1'  -  its v“’  -  is“’  ,<<rf  +  0  (157) 

3.P  4  3  ,p  3,p  J  p  p3 13  r  5  p3r3  r3  r3 

Combining  (113)  through  (l  15)  and  (155)  through  (157)  the  equations  for  the  kth 
layer,  are 


[AfWk)  +  [Bfk){cr}"<k>  +  [cfVr(k>  =  0  k=l  ,2,3,  .  ,  .  N  (158) 
where  [Alk) ,  [Bfk) ,  [Cj10  are  operator  matrices  and  {u}<k) ,  {tr}4<k> ,  {cr}<k)  are  sets  of  field 
variables,  respectively.  Explicitly, 
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[cfk) 


>a 


Jl 

2 


0 


{a-} 


±00 


12  MP33  fry 


J_s<k)  _d_ 
10  ^p33  dy 


_  2~u> 

5  p3>3 


r\« 

>3 

±(k) 


33 


{u} 


(k) 


N' 


M 


,(k) 


0 


Je<k> 

2  *P33 


6  c(k) 

5t  ^p33 

Jk 


0 


1,  2,  3, 


.  .  N 


The  operator  matrix  [ATk>  is  self-adjoint  in  the  sense  of  (ill). 

Substituting  (151)  through  (153)  into  (81)  leads  to,  for  k=l,  2,  .  .  .  N-l, 

[AfkV)"<k  ,)+[B](kV}(k)^H/k>{<r}  <k)+[Cfkt,){u}(kt,)+[Al(k+IW]'<k+,)  =  0 

where 


(161) 


(162) 


(163) 


(164) 
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[B]“°  = 


tk  n  _^k_c<k)  __L.c(k)  JL  _  2_c(k) 

2  12  “033  Qp  10  a^33dP  5  p3>3 


2  <*033 


_  6  c(t) 

5tk  “033 


n  -iLs(k)  JL  __Lc(k>  J_  _2c(k) 
12  “@33  Qp  10  ^33ep  5  *3>3 


(165) 


0  0  1 


J_Q(k) 

2  a/333 


6  „(k) 

5t  »033 


[c](k>  = 


_(k)  -~(k)j 
“II  “12 


_(k)  «(k) 
“ 2 1  “22 


-(k)  _  / _ 1 _ 1  Ufc)  ,3  Q2  /_1_  _l.lt  C(° 

1  120  840  3333  kdp6v  3  5*k  *3>3 

(  1  1  y,<k+l)  3  fl2  ,  /  1  ,  K  r<k+'> 

no  '  840  3333  k^'apdy  3 

~w  (  3  1  x(k)  t2  6  _c  3  _LWk4,V  JL 

C»2  “  ^280  24  ;^3333  k  9p  ^  280  24  3333  mi  gp 

r<k>  _  -(  3  +  JLWk)  t2-&-  +  (-L  +  _i_Wk4,V  JL 

“2*  280  24  3333  k  ay  24  280  3333  k+l  6y 

J7^k)  (  1  .  1 7  Ngtk)  »  +  (_1_  ,  _1L)s(MD 

“22  +  740;53333lk  +  V4  140^3333Vl 


Km  KM 


A“> 
V2I  22 


(168) 


A(k)  »  ( _1_ _ _ 1  Wk)  t3  3  +(—  l+lv  S(k) 

11  120  840  ^3333tk  apfry  3  5  *k  p3>3 
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♦£* 


(k)  2  a 

3333lk  Qp 


( 1  —  12-  W1^  t 

4  140  3333  k 


[7jk' 


l) 


DC’  ^ 


b?;11 


with 


A,, 

ac  (  -  - - — - 

ii 

120  : 

-(-3_- 

12 

280 

J^k+,> 

-  (-— + 

21 

24 

_$L 

dpdy 


3  5 


„(k+n 

P3y3 


a? 


(1— ri-Jsftr.'.V 


4  140  3333  k<‘ 

The  two  equations  in  (164)  restate  (81)  using  (151)  through  (153). 

The  quantities  {tr}*<n  and  {cr}'<N,  are  given  for  a  problem  and  appear  as 
functions  defined  as: 


- 

-(0) 

(cr)^’  - 

MN) 

MO) 

a33 

MN) 

^33 

Define,  {Q)u)  and  {Q}<n,)  as 
[Qfl)  >  [A]0’  {tr}<0) 


(169) 


forcing 


(170) 
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(  1 _ 1  \C(D  JMO)  ,  /  !,lv  Jll  MO)  ,  3  ,  1  x-M)  .2  MO) 

120  R40  )S3333tlCTr3.rp  ^  +  ^  ^  lSp3, 3CT,  3 +(  280  +  24  ^3333  1  33-f 


/  i _ L.W‘>  t2^(0)  +fi_J2.i8(,)  <^<0 

24  280  3333  )  r3  '  4  140  ;a3333l  J°33 


4  140 


fQ/N"‘)  =  DtfNWN) 


,  1  1  ^(N)  3-(N)  ,  1  1>  C(N)  MN).,  3  1  \C(N)  ,2MN) 

(120  840  S;>333  N  r3..7>  3  +  5  NSp3r3  r3  +  280  24  )S3333tN< *33, p 


(_  1  3  ^(N)  2~(N)  ~(N)  (  1  _  1 7  ^MN) 

v  24  280  ^3333  N’  r3r  ^3333V  4  140  "*33 


(172) 


where  superscript  (0)  denotes  the  top  of  the  1st  layer  and  (N)  denotes  the  bottom  of 
the  Nth  layer.  Combining  (158),  (164),  ( 1 7 1 ),  and  (172),  the  complete  set  of  field 
equations  for  the  laminate  is: 


[X]  {Y}  =  {Z} 


where 
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[x]= 


[A]10  IbP  0  0  0  0  0 

[Bp  [sP  [CP  [Xp  0  0  0 

! 

o  [cP  [aP  [b]<2)  0  0  0 

0  [aP  [Sf2)  [eP  [cP  {aP  0 

0  0  0  [ cP  [A P  [bP  0 

0  0  0  [aP  [H P  [eP  [Cp  [aP 

0  0  [Cp  [Ap  [bP  0  0  0 

0  0  [aP  [Bp  [=P  .  .  0  0  0 

0  0  0  0  ...  [Cp°  [Ap1’  0 

[cf-*>  [aP  0  [Bp0  0 
0  [Ap1*  IBP0  [spn  [ cP 

0  0  0  [cP  [aP 
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l|  -(0) 

2  °>3 


11  c(l)  '(0)  l~(l)  '(0) 

12  pp33  y3,y  2^33  33 


1  c(i)  ~(o) 

]0  pp33  y3,y  +  5tj  *^33”  a 


_ _2_  o<  *  >  ' 

5  P3y3y3 


{P}(N)  =  tB]CN)| 


*N  '(N) 

T  *3 


_ilc(N)  ~(N>  +  _L«:(N)  ^(N) 

12  PP33ay3,y  +  2  mp33°33 


_1_«,(N)  ~(N)  6  c(N)  ~(N) 

10  ^^33  >3.y  5tN  pp33°”33 


—  2  c(N)  '<n) 

5  p3y3  y3 


(175) 
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4.43  Adjointness  of  the  Field  equations 

For  the  operator  matrix  [X]  to  be  self-adjoint  in  the  sense  of  (ill)  a  sufficient 
condition  is  that  [Afk>,  [Ejk)  be  self-adjoint  and  that  [Cfk),  [Cfk>;  [Afk),  [7vJk>; 
[Bfk\  [Erf10  constitute  adjoint  pairs.  Using  the  symbol  <  ,  >R  to  denote  inner 
products  i.e., 

<f  *  8>r  "  f  f  8  dR 

J  R 

where  f,  g  are  functions  defined  over  R,  we  establish  the  following  relationships  for 
the  field  variables  associated  with  the  kth  layer: 


4.43.1  Operator  matrix  [a/1c) 

Considering  the  operators  A^’  and  A^’  of  the  operator  matrix  [Afk),  taking  inner 

product  of  v(yk\  an  arbitrary  function  in  the  domain  of  F2,  with  — ,  application 

2 

of  Green’s  first  theorem  [Kreyszig,  1979]  gives 

^-(k)  .  (k)-.(k)  _ _  ~(k.)  1  r  Jk). 

<v  ,  A,  ,N  _>  fll,=  <v  ,  — r.N  a>  ... 

y  *  1 4  orfl  R(k)  y  2  1  Rkk) 

^\T(k)  IrA  ,  ^v(k)  _<k). 

=  —  <N  ,  —I  ,V  >  07)a  »  v  > 

H P  2  2  y  R<k)  or0  '0  a  RUO 


T(k)  ,  (k)-(k) 


(k)  _(k). 


=  <N  ,  A  v  >  .k)+<N'‘:7}fl  ,  v"'> 

up  41  >■  R.k)  op  'p  a 


.(k> 


(176) 


Here  R(k)  is  the  configuration  of  the  kth  layer  and  S<k)  is  its  boundary.  Similarly, 


considering  the  operators  a£\  A^k)  and  taking  inner  product  of  an  arbitrary 


(k) 


function  in  the  domain  of  T2,  with  Green  first  theorem  [Kreyszig,  1979] 


gives 


<(f>y  ’  A25M^>R(k)-<^>  *yriM^>R(k) 


=  -<M<k) ,  ir,$(k)>  (k)+<M<kgT)  ,  $<k>> 

HP  ’  T  2ry  jjik)  op  'p  ra  c(k) 
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(177) 


^,w(k)  A(k)a.(k)  _ ..(k)  ,(k) 

-  <M  „  ,  A,,©  >  ,.,+  <M  .7).  ,  a  > 

Mp  S2ry  RU>  o/3  <0  j(ki 

For  operators  A*’  and  A^’  Green's  first  theorem  [Kreyszig,  1979]  gives,  for  an  arbitrary 
function  of  v*,10  in  the  domain  of  R(k\ 

<v(k)  A<k)V<k)>  =<v<k>  V<k)  > 

^  v  i  >  n.,  v  __  ^  v  i  t  v _ riA 


k36  a  R<k) 


0i,0r  Rvl 


.,7(k)  _(kK  ,  ../k)  _(k). 

=  — <V  ,  V.  >  -,.+  <V  T)  ,  V,  >  ,,, 

o t  3ra  jjVkJ  o*o  3  jvk) 

y(k)  A  (k)~(k)  ,  ^  1  y(k)  ~(k)  /<  nn\ 

=  <Vo  *  A63v3  >R<k)+<V0  \  >  V3  >s(k)  (l78) 

Operators  A^1  ,  A^J  ,  A^'  are  tensors  which  are  symmetric  in  the  sense  of  (97).  For 


arbitrary  functions  and  V(pu  which  are  square  integrable  over  R(k),  we  have 

«(k)  Q(k) 

-  <<]  •  a!,X>,<u  <i79) 

<m‘*)  ,  a<‘>m<‘’>  (u=<ra<‘> ,  nS-i;-gj|Ml‘i>  .  )=<M,ki .  l2S"<”|,ia“‘>> 

pp  SS  ap  R<k)  pp  3  <*0  R'k)  Op  3  pp  R(k) 

lk  lk 

-  <<!  ■  A>"V>  <i*» 

<V<k^  A(kV<k*>  =<V*k^  24Sp3,>3  y^>  =<rV*k*  24Sp3>3 

P  ’A66Vy^R(k)  <Vp  *  5t^  Vy  >R<k)  <Vy  *  “  5 ^  Vp  >R‘k) 

=  <\  •  A66Vp  >R<k)  <18l) 

The  pair  A^,  A1#  consists  of  linear  algebraic  operators  which  are  transpose  of  each 

other.  This  fact  along  with  (176)  through  (181)  satisfies  the  requirement  of 
self-adjointness  of  operator  matrix,  [A]00 . 
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4.4.32,  Operator  matrix  [  H  f k  ’ 

Considering  the  operator  matrix  [ETk\  the  diagonal  operators  E*2k>  is  symmetric  in 
the  sense  of  (97)  because,  for  CTjjk>  ,  cr^’  defined  over  R<k): 

-«-(k)  _(k)  -(k).  _  ^  -(k)  — <k)_ -<k)  ,  » 

<^33  *  “22^33  >R(k)  <Cr33  *  ~22°33  >  R(k)  (l82) 

For  the  operator  taking  inner  product  of  ,  defined  over  E^,  with  S^cr^0, 

the  Green's  second  theorem  [Kreyszig,  1979]  gives 

<dp3  ’~U°\3  >^"<^3  >(_U0~  840)(S3t33tk+S3333tMl)<ry3.py 

+  (i+V;  ,+t  s'k'\V~(k>>  (  , 

3  5  k  />3y3  k+1  p3>3  y3 

-(k)  1  _  1  Ye(k)  3  ,  „(k- 1)  3  Vr  <k) 

^  y3  ’  k  j20  840  Aa3333lk"j333lk+  I'pS.py 


i  (  1  J  Y»  •  »  c^+Ov».“(k) 

(3  +  5Xt<‘Sp3y3+tk+lSp3y3)^y3  >  R<k) 


,  ,  ~-<k)  /  1  1  YcOO  .3  , -(k+ 1)  3  i  -<k)_ 

<d\3  ^y  ’  ^  J20  840X^3333tk+S3333tk‘fI  P3-P>s(k) 

^_-<k)  ,  1  1  Yc<k>  *3j.c(k4l)«3  -U-tk). 

<0>3  \  •  (  120  840XS3333tk+S3333tk+,^hP3-P>s(k) 


120 

"  840 

(_T20 

1 

840 

>R<k) 

1 

1  1 

120 

840  ^ 

(-  1 

1 

,-<k)  — <k)_ -(k) 

ry3  ’=U*p3 


+  <&»\  «  (-T^-^XS3333t"+S3333t-  SCk, 

-  (i83) 

For  the  off-diagonal  pair  E^’  and  £^k)  setting  up  an  inner  product  of  S12cr^k)  and  an 
arbitrary  <J^jk)  in  the  domain  of  E^1,  gives; 

..-(k)  ~<k)  -(k).  _  .  . -(k)  ,3,1  Yc(k)  2  c(k+ 1)  2  i  -(k) 

<^p3  •  ~  12^33  >R<k)  <^p3  ’  '  280  +  24  ^^333stk  ^3333tk+I3(T33.p>R<k) 

_^_-<k)  (  3  ,  1  VrW  .2 p(k*l)  2  i~-<k)_ 

“  ^°33  ’  v  280  24  A  3333  k  3333  k^i^pS.p^’gfk) 

..  (k)  (3.1  Yc(k)  ,2  «4kJ  1)  2  1  (k). 

+  <^p3  \  ’  *  280  +  24  ^^3333^k  ^3333^k*  1^33  >s<k) 
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-,_-(k)  *«(k)--<k)  ,  .(  3,1  vc(k)  2  c(k+l)  2  -i  -(k)  ~ -<k) 

<<T33  *  ~2l^p3  >R(k)+<  280*24^3333^  ^3333^+1^33  ’  ^p3  ^p^k)  184^ 

Equations  (182)  through  (184)  ensure  the  self-adjointness  of  operator  matrix  [Efk). 

4A33  Operator  matrices  [  C  /k)  and  [Cfk) 

Considering  the  adjoint  operators  of  matrices  [Cfk)  and  [Cfk), 

taking  inner  product  of  an  arbitrary  function  in  the  domain  of  C*,k),  with 

C<4k)<r’jk) ,  Green's  first  theorem  [Kreyszig,  1979]  gives 

-<k)  p(k)  +<k)  ~<k)  lk  Q<k)  +(k) 

PP  ’  '“'4l'r3  R<k>  pp  *  Y2  pp33Cr3,r  R(k) 

.  +(k)  \  c(k)  „(k)  .  ,^_+<k)  lk  c(k)  w(k) 

<<Tr3  ’  J2  ^33^0. Ar>R(k)+ <<Tr3  ’  J2  ^33^a^>s(k) 


.  +<k)  WkL(k).  .  .  +<k)  *k  c(k)  „(k) 

-  <crr3  .  ^14^0,0 >R(k)+<<T,3  ’  Y2S^33  s(l 

Similarly,  for  the  inner  product  of  an  arbitrary  function  M(kg,  in  the  domain  of  (?,k), 

with  C^k)cr^k) ,  Green's  first  theorem  [Kreyszig,  1979]  gives: 


,.<k) 


(185) 


pp 


=<w!k) 

1  c^ki_ 
i  S  o 

+(k) 
r  '> 

pp 

10  ^ 

r3,r  Rtk) 

+<k) 

<cr  , 

1  p(k) 

_raU)  >  .  + 

r3 

10  ^P33  ap.r 

+(k) 

ar3  * 

■Kk) 

R(k)+<<3^ 

_+<k)_ 


1  „(k)  „<k) 

■^0^0033  a/3  s<k) 


c(k) 


(186) 


Each  of  the  six  pairs  of  algebraic  operators  viz.  ,  C,k);  C^’  ,  C?,k>; 

C  ,  ,  CjV;  C*sk>  ,  C*sk);  ,  C*,k)  consists  of  operators  which  are 

transpose  of  each  other.  This  fact  along  with  (185)  and  (186)  ensures  the  adjointness 
of  the  pair  [Cfu  and  [Cfk). 
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4.43.4  Operator  matrices  [ A /k)  and  [A 

Considering  the  operators  and  Aljk)  of  the  operator  matrices  [Afk'  and  [Afk), 

application  of  Green's  second  theorem  [Kreyszig,  1979]  to  the  inner  product  of  <r^k), 
defined  over.  A^k)  with  <r^k)  implies 


-r^k)  -(kK  _  ^  /  1  1  \c(k)  3  -(k)  ,/  1  ,  1  \  c(k)  ~(k} 

<^P3  ’^1.^3  >RU»-<^3  '(T20_840)S3333tKCrr3.rp+(-3  +  5)tkSp3r3Crr3  > 


.  -Oi)  /  1  1  \c(k)  -.3  _ -*-00  (  1  ,  1  V.  c(k)  ~+(k) 

<<rr 3  *120  840  ^3333tk°p3.pr‘*’'  3  +  5  ^kSp3r3^p3  >  R(k) 


.  ^^*<k)  ( 1 _ 1  V3c(k) 

<&n  •  120  840^S3333{rp3.p>slt' 

-  <cr'{k>7)  ,  (-i— i—)tfs<k,„d-+<k)>  . 
r3  r  120  840  k  3333  p3'P  s(u 


-<k)  (k),+(k) 

<{Tr3  »  All^r3  >D(k) 


^«.-<k)  ,  1 _ 1  v3c(k)  -tk) 

r3  ’  J20  840  k  3333Crp3^>>c(k) 


p3.p  stk) 


^_*tk)  /■  1  _  1  ~^3c(k)  » -Kk) . 

<<Tr3  k  120  840  'rtk53333%3,p>s(k) 


Application  of  Green's  first  theorem  [Kreyszig,  1979]  to  the  inner  product  of  an 

arbitrary  function  in  the  domain  of  Al2k).  with  A12)crjjk)  gives 


k)  Tr4k)  -<k)  —  /  3  1  \c(k)  2  -(k) 

^p3  ’  ^12^33  >R<k)~  ^p3  ’  280  24  ^3333tka33,p>R<k) 


^_-<k)  r  3  1  v-<k)  ,2_-Kk).  ,  ^_-(k)  ,  3  1  v2c<k)  'v 

33  280  24)S3333  k^P3-P>R{k)+<  33  ’  280  24  *kS3333^P3  s(k) 


^_-<k)  A^)jt*<k)  ,  ^_-(k)  ,  3  1  v2r<k>  a.^)-  rioc3 

*  <<T33  ’A2.*r3  >R<k)+<£733  ’  (  280_24 &r3  ^ > 088) 

Similarly,  for  d-^k>,  an  arbitrary  function  in  the  domain  of  Aljk),  and  A^V^  , 
application  of  Green’s  first  theorem  [Kreyszig,  1979]  gives 


,,*<k)  T<k)  -<k)^  _  .,"<k)  /  1,3  \c(k)  2  -(k) 

<a„  ,  A, .a  ,  >  ,=<o\,  ,  (.—•—  + - ;S,,,,t.cr  > 

33  2 1  r3  R<k)  33  24  280  3^33  k  r3.r  R 


^_-<k)  (  1  ,  3  >c(k)  2-*(k) 

p3  ’  24  +  280  )S3333  ^33.p>R<k) 
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(189) 


w  1  ,  3  v2c<k>  *+<k)^ 

(  24  280  )tkS3333(r>3  \  *  *33  >4*i 


.  ~tk)  A(k)-+<k).  ,  ./  3  1  v  2_(k)  -(k)  ~+<k) 

<<rp3  *  AI2*33  >R<k>+<(  280  “  24  ^3333^3  ^  •  *"  > 


33  's<k) 


Operators  7Q?  and  A^’  are  identical  scalars  and  for  <3r^k) ,  and  <7^k) ,  arbitrary  functions 


defined  over  of  R(k),  implies 


.-+<k)  T<k)  -<k).  _  .  k  I  (  1  17  \c<k)  2  -<k). 

33  22  33  33  4  140  3333  *  33 

-  -(k)  (  1  17  v(k)  2  • -Kk)  _  -  -<k)  A(k)--Kk).  Cion3 

“  <tr33  *  (  4 '140  >RCk)=<<r33  >A22^33>R(k)  (l90) 

Equations  (187)  through  (190)  ensure  the  adjointness  of  the  pair  consisting  of  [A/k>  and 

rcr. 

4.43.5  Operator  matrices  [B^k)  and  [B](k) 

Considering  the  pair  of  operators  B(4k>  and  belonging  respectively  to  the 

operator  matrices  [Bfk>  and  [BTk) ,  the  inner  product  of  an  arbitrary  function  N^,  in 
the  domain  of  BM,  with  B^cr^,  the  Green’s  first  theorem  [Kreyszig,  1979]  gives 


,_(k)  D(k)  -<k)  .-,<k>  vk  CU)  -<k)  . 

<\fi  ’  B41^y3  >R<k)  "  <N«tf  ’  ~12S^33  >3> 


,(k>  kk  c(k)  _-<k) 


„  -<k)  lk  c(k)  w(k>  .  "k  c(k)  w(k) 

>3  \2  R(k)  y ^  t  12  a^^3  op 


lk  c(k)  N(k) 

V  ’  j2  “<S33  s{k> 


^_-(k>  tfkWk).  ,  ^_-<ki  lk  cfk)  _(k) 

<or  ,  ,  B.^In  _>  f..+  <a  .  7)  ,  —  — -b  ...In  .> 

>3  *  14  o0  j^vk)  >3  *y  ^2  <>£33  op  < 


For  the  pair  of  operators  B(sk)  and  B*,,’,  the  inner  product  of  an  arbitrary  function  KJ^, 
in  the  domain  of  Iff.  with  Bsk>o’^k)  gives,  upon  application  of  Green's  first  theorem 
[Kreyszig,  1979], 

<M(k)  ,  B(kV<k)>  =<M(k>  ,  —  S<k*  a<k)>  Ck) 

MP  si  >3  R<k)  HP  JO  MP  33cr-)3,y  R(k) 


(k)  1  c(k)  -_(k) 


(k)  1  _(k)  „(k) 


—  <cr  ,  ,  — 8  ...M  .  >  ,..+  <(7  ,  71  ,  — S 

P3  in  "433  a$.p  „<*•>  p3  ’y  10  “ 


15f > 


JO  °P33  off  s'k) 
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(192) 


each  element  is  transpose  of  the  other.  This  property  along  with  (191)  and  C 1 92) 
ensures  the  adjointness  of  the  pair  of  operator  matrices  and 


4.5  Consistent  Boundary  Operators 

The  general  mixed  boundary-value  problem  of  linear  elastostatics  consists  in  finding 
a  state  i.e.,  a  set  of  displacement,  strain,  and  stress  fields,  which  satisfies  the  governing 
field  equations  in  a  given  spatial  domain  and  meets  the  specified  boundary  conditions. 
A  variational  form  of  the  boundary-value  problem  exists  if  a  function  over  the  space 
of  admissible  states  can  be  defined  such  that  its  Gateaux  differential  along  arbitrary 
paths  vanishes  only  at  the  solution  state.  The  set  of  admissible  states  is  the  collection 
of  all  possible  {Y}  in  the  domain  of  the  operator  matrix  [X].  Closure  of  this 
collection  includes  the  exact  solution.  A  variational  formulation  for  coupled  boundary 
value  problems  was  proposed  by  Sandhu  and  Salaam  [1975]  for  the  case  in  which  the 
the  operator  matrix  [X]  is  self-adjoint  with  respect  to  the  bilinear  mapping  used  and 
the  boundary  operator  is  consistent  with  [X]  in  the  sense  of  (110).  The  adjointness  of 
[X]  has  been  shown  in  previous  section.  In  the  following  section  the  consistent 
boundary  operators  associated  with  the  adjoint  pairs  of  non-zero  operators  in  [X]  with 
respect  to  the  bilinear  mapping  used  in  the  sense  of  (111)  are  identified. 

Following  (111),  considering  non-zero  operators  in  [X]  and  taking  inner  product  of 
a  typical  {u}00  with  the  correspond'- 7  set  of  equations,  we  have 
<{u}(k)  ,  [cfV)^k  ,,+[Af){u}(k)+[Bf){<r}  (k)>R(k) 

«  «o-r<k  0  .  [CfWk)>  (k)+<{u}(k),[A](kWk)>  (k)+ <{cr}  <k)  ,  [Bfk){u}(k)>  a) 

R  R  K 
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+  <{<r} (k  l>  .  [Ffk){u}(k)>  ,k)+<iu}(k)  ,  [Dfk){u}(k)>  ,u+<{tr}-(k)  ,  [nfk){u}(k)> 

s  s 


-  <{u}(k)  ,  [Ffk){o-}'(k  ,)+[Dft>{u}(k)+[EfV}'<k)> 


.(k) 


Setting 


{u} 


IV(M 

Or 

0 

0 

0 

0 

0 


the  left  hand  side  of  (193)  is  identified  as 

.-<10  -<k- 1)  ,  M(k)  -00- 

<v  ,  or  ,  +N  „  —  <r  ,  >  ... 

o  a  3  o o3  j^(k) 

Using  (176) 

^  -00  -<k- 1)  .  vj(k)  -<k) 

O  0»3  Or£,0  o3  jj(k) 

Tr(k)>v  ■  ^“<k)  «(k)N.  x^M(k)  *<k)  ^ 

”  <<ra3  ’  Va  >R<k)+<<ror3  *  Vo,  >R(k)+<Na0  ’  '(o.^)>R<k) 

+  <N(k>  ,  v  kV>  (k) 

a&  o  '0  j(k) 

To  obtain  the  consistent  form  (ill),  we  rewrite  the  boundary  term  as 

- XT(k)  _<k)  .  K  .(k)  -<k)  -  -  -<k)  vT(k)_  - 

<N„0  *  Vo  T)0>,<U  =  <Na0  •  Vo  ^>s<k)-<V„  •  -N.p^>s(k) 


where  S”  (J  5<?k,=5k>  and  Sf  f)  S^=0. 


Proceeding  similarly  with 


{u} 


0 

6(k)l 

a 

o 

o 

0 

0 


we  have 


(193) 


(194) 


(195) 


(196) 
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(197) 


2 

<<r  i 

o3 


a  3  o£,/3  a  2  03  R' 


,(k) 


(k-l)  tk,(k).  ,  ,  -<k)  lkA<k)^  , _^X/!(k)  _*<k)  v. 

•  y?o  >R<k)+<tTo3  *  y$a  >R(k)+<M^  •  -^(o3)>„<k) 


+  <V  ,  — 0  >  f.  v+  <  M  ,  0  >  v 

o  j^(k)  arp  ‘0  g(k) 

As  before,  the  form  of  (111)  is  realized  by  ■writing  the  boundary  as 

,<k).  ^*(k>  ~  xr(k)^ 

’  *a  >s(k)  <^o  '  7)(3^o<3><-(v 

<  aj 


<Ma^  *  ^  >s<k)  =  <Mo^ 


-<k) 


where  S‘,u  |J  S!,k'=SCk)  and  S'ki  Q  S«k)=0. 


{u}  =  p 
0 


_(k) 


yields 


.-(k)  „-<k-l)  ,,/k)  -(k)  -<k-D  r-(k) 

<V3  *^33  +V«.o-<r33  >R(k)-<<733  >  V3  >„< 


(k-1)  (k)  +  <0-(k> 

13  ’  V3  R(k)T^U33  •  V3 


The 


0.0  ~  33 

+  <V<k)  ,  -V(3>R(k) 
by  writing  the  boundary  terms  as 


f  •  '^i>R<k)+<VlkS0  .  ^)>s,k 


form  of  (111)  is  realized 

<V(k)T)  ,  v'k)>  (fc)  =  <V<k>  ,  7}  Vk)>  (,,-<V(k)  ,  -7)  V(k)> 
o*o  3  j'k)  o  *o  3  gik)  3  *o  o  ^(k) 


where  S*sk)  |J  S^-S”  and  S'k’  f|  Slk)=0. 


For 


{u} 


w 


A) 


Op 

0 

0 


(198) 


(199) 


(200) 
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we  have 


.jpik)  lk  c(k>  _ -<k-l),  1  c(k)  -(k- 1)  — (k)  ,  1  c(k)  M(k) 

<No*  •  72S“^  >3->  +2S^33  33  ~V(M)+^-So^pfVp 


_^k_-(k)  -(k)  2.c(k)  rr^K 

12  ^"£33  y3.y+  2  «033°33  *  R<k) 


<k—  1 )  lk  c(k)  m(k> 


_-<k-l)  1  p(k)  _(k). 


-  _  >»  •<  k  c'*'  in'11'  \  i  i/  i  r.v*r 

<tTy3  *  J2  ^“033  afl,y>R<k)+  <CT33  ’  2^33  a^>R<k) 


(k)  _(k)  . 

+  <Va  ’  ^oftfl>R(k) 


,,  xr<k)  1  <.<k)  N(k) 

+  ^  Q0  ’  t  ^afipp  pp  ^  R<k) 


(k)  V  „(k)  _(k) 


-(k)  1  „(k)  _(k). 


+  «r  7  ,  -i-s' '  n  ;  >  ,. >+  <<r  ,  '  rr;>  ... 

>3  \2  op,y  j^k)  33  2  ap33  ap 


^M<k)  ^  -k).  j.^M(k)  lk  c(k)  ^  ~(k) 

+  <N  ,  — *nfiv  >  ,..+  <1^  <,  ,  — — S  cr  ,  > 

0.0  ’  a  £<*)  <*0  |2  *^33  *>  >3 


c(k) 


,  ^W(k)  lk  c(k)  ^  «."(k‘1)^ 

<N“^  ’  12  S°033V>  >3  >s(0 


(201) 


To  obtain  the  form  of  (ill),  we  rewrite  the  boundary  term  as 

<<i  •  -^)>sck,=<v:) .  -vC>sco-<*2 . 


(202) 


For 


<u) 


M 


0 

0 

0 

0 

<k)| 


or/3 

0 


we  have 


^„<k)  1  c(k)  -ik- 1)  6  c(k)  — <  k  - 1  )^_tK  k )  ,  12c(k)  ..(k) 

<™afi  ’  IQ  <*033CTy3,y  +  jt  ^33^33  3  S»0ppMpp 

k  t. 


4  _L_c(k)  _-<k) __6_  <•(*<)  — (k > 

+  JQ  c.033  y3,y  5^  >R(k> 
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^ -U  1)  1  c(k)  _,(k)  ^  ^  -<k-l)  6  c(k)  „(k). 

*  1  »  - O  a  ^  fl)T<CT..  ,  - S  ---M  ,,>  ,.v 

>3  JQ  a/333  or/3,y  £<k)  33  a/333  o/3  jj<k) 

k 

+  <^k) ,  ra<k>  >  ,k) 

~o  ’  a/8,/3  R(k) 

+  <M(k)  ,  ^|-S(k>  M(k)>  (k) 

<*P  3  <»0PP  PP  R(k> 

lk 

•  _  1  c(k)  lC%<k)  'v  6  C(k)  K*(k)-v 

+  <tT>3  ’  l0^“033^“fr>>R(k)+<Cr33  ’  5t  ^0033  >  R(k) 

,  ^mik)  x^o(k)  1  c(k)  ^  ^-'(k)'> 

+  <M  ,  — 7).0  >  #.v+<M  ,  - S  (T  ,  >  ... 

a/3  *  '/va  <-(k)  o/>  j()  a033  ’>  >3  £*k) 

^«(k)  1  c(k)  -<k-l) 

+  <M  ,  -—  5  0,,7)  <J  *  >  /«. % 

Or0  10  a^33  *>  >3  ^k) 

To  obtain  the  form  of  (ill),  we  rewrite  the  boundary  terms  as 

<<5 .  -V.k>  v=- <k)  •  -T»Xli>s«“<KCl  •  T)/«>>c(k) 


we  have 


-  _ (k)  2  c(k)  — <k- 1 )  -r(k)  — (k)  24  „<k>  ,/k)  2  c(k)  „-<k> 

<VP  ’  -JSp3y3ay3  ~*p  ~V3,p+ 5^Sp3y3V>  >R(k) 

-  <<r~<k",) ,  — — S(k)  Vk)>  .  )+<?<k)  ,  (k)+<v<3k)  ,  V(k)>  (k) 

>3  J  p3>3  p  jjvk)  ~p  p  j^(k)  3  o,or  g«/ 


,..(k)  24  c(k)  _(k).  ,  ^_-<k)  2  c(k)  t/k) 

•v,  •  5TSp>v>V»  >»<»+<<r>3  •  '  5S«>3r»  >,<„> 


+  <V?>  ,  -T,  v“’> 

3  *o  a  j(k) 


Tc  obtain  the  form  of  (ill),  we  rewrite  the  boundary  terms  as 
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(206) 


<^k>  •  -*X%>  =  <?3k) .  -^<k)>4l)-<v'k) ,  ^3k)>s,li) 

Taking  inner  product  of  a  typical  with  the  corresponding  set  of  equations  in 

(173),  we  have 


D(k) 


D(k) 


0<k> 


-  <  W11  11  ,  [Afl>(3'}^)>E,l,+  <{u}“’ ,  IBf‘: ’{*)'“> 

+  <(<r}-10 , (s/>,(a-)'“>  <>>+<(u}l‘*,,.!cf‘"’{a-)*<‘,> 

Rv  » 

+  <{a}(kH,).[Afk4lVr(k)>  (k)+<(cr}-<k-,),[0flWr<k)>c(K 

R 


c(k) 


<{aVM  ,  [0f  W(k  1>+[E](k){u}<k4[#){a)^k)+[F/k+1>{u}(k+,)+[&fk4,){cr}^k4 °> 


(k> 


s' 

(207) 


Setting 


y3 
0  , 


the  left  hand  side  of  (207)  becomes 

__-(k)  A<k)  -(k-i),  A<k)  -(k-I) 
<*>3  >All°p3  +AI2°J3 


v  ^  1  _ 2_C(k) 

>  2  r  12  a0'>  10  5  p 


Uk)-{k).  U\)‘ -<k) 

=  nap3  +- 12^33 


— (k*  1)  ,  Vi  -T<k-1)  Vlc(HL(H)  1  „(k^ O-.tk+l)  2  -(k+lWk+1) 

+  v>  +  — ““nrS"*33N.*y  “lo «/>33M«0.y  5*p3>3Vp 


i  -  -  ^ . 

I  1  P  3 


12  33 


This  can  be  rewritten  using  (182)  through  (192)  as 


<cr 


-<k  1)  -r-(k).  -<k). 


(k  I)  -r(k)_  -<k). 


’  •^Il®’p3  >Blk)+<<T33  '  ^2l®p3  >R|k) 
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^-<k>  --<k>. 

<v  ,  — <T  ,  >  ... 

>  >3  R(k) 


~  (k) 

<?>  •  T  >J  V’ 


+  <N<k)  — — S<k^  o'  <k>  > 

’  12  «033  y3,y  R<k) 


./k)  1  c(k)  _-(k) 

+  <Mo£  ’  'j^)Sa/S33<7y3,y>R<k) 


,,(k)  2  c(k)  ~-(k) 

+  <  V  ,  — — S  ,  -XT  ,  > 

P  5  p3y3  y3  R<k) 


^  (k)  _(k).-(kV  ,  .  -<k)  -_<k)  _  (k) 

<cr-  ■  -1.%  >a>+<cr»  •  >■ 


y3 


33 


•J|uy3  '  R<k) 


— ( k  *  1 )  ~-<k) 

+  <v  ,  cr  >  ... 
y  y3  R(kl 


(k) 


2  >3  R1 


^...(k+l)  Vl>l).-(k). 

+  <N«0  ’  iySo^33ay3.y>R(k) 


^x/k+»)  1  (k*l)~-(k) 

+  <M»fi  ’  10S^33CTy3,y>R(k) 


»  .(k-* I )  2  c(k+l)_ -<k). 

+  <V  ,  — — S  ,  ,  >  (kl 

P  5  p3y3  y3  R<k) 


„  -<kt|)  .(k+l).-<kL  ,  .  -(k-i)  .(k-M>~-(k). 

+  <°-y3  -A.l  %  >H«k)+<Cr3J  ’A?.  CTv3  >. 


/ 1  Uy3  ^(k) 


-(k)  ,Vlvlk4l),  1  n/(k<1hc(k,|)j.f  *k  Kitk)  1  ,.(kKc(k) 

+  <0’y37,y  *  ~ T2_No'<J  +10M°C  ^So/333+^  12  No/3  IQ  S°P33  >  s<k> 

/  1  1  vc(k)  .3.c<k-l),3  -—“^k)  _  ~-(k)  i 

+  (  ■j20  840^S3333tk+S3333tk*l^<Cry3  ^y  ’  (Tp3,p>s(k>  <Py3  ^y  ’  ap3.p>s(d 

.  I. j  Vr(k)  »3 J,<k*  1)3  y^.-(k)  -(k)  ^ 

+  24  +  280  A^333jtk  b3333lk-J^y3  ’  ^W^y  5 


c(k ) 


/  1  1  \c<k‘l>,3  f  .  - -(kl  -U+I)  I 

+  T20  840)S3  333tk‘lt<<^y3  ^y  ’  CTP3.P  >  s<k>  <(Ty3  *,  ’  d^p3.P>s(k>J 


,-<k). 


( 


1  _  1  yr(k)  .3f 

120  840 


\c(k)  3t  .  ,  <k)  (k  1)  _  _  _  (k  1 )  -  (k)  1 

^)S3333tkf  <<Jy3  ^y  ’  ^p.l.p  >$<*>  <<Ty3  %  ’  CTp3.p > s< k H 
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^  -  -<k) 

+  «r^n 


.  -<^~KS 


1  _-(k-l)s 


>3  'gama  ’  '280  24  k  3333  33 

^/srlk)  _/  1  3  v?  e(k+l)_-(k-H) 

>3  V*  24  280  ^k*i^333: 


,.(k) 


3333^33  >s(k) 


For 


{*}  = 


0 

«.-<k>] 

33 


we  have 


- -(k)  A(k)  -(k- 1)  .  (k)  -<k-l) 

<&33  ’  A2iay 3  +A22CT 33 


-  ^k/-f_Lc^  xT(k)_  6  f(k)  w(k) 

v3  2  0/333  5t  “033  a/3 

k 


-Uk)  -(k)  ,  -(k)  -(k) 

+  «2l<r>3  +-22^33 


,  r^k+l)  .  1  c(k*l)XI(k*l)  6  c^k+ 1)»  «(k+ 1). 

+  v*  +-rS  a,,N  .  +  — - S  a,,M  > 

3  T  o/!33  o/3  »£33  op  i 

k+ 1 


,(k) 


2 1  >3 


22  33 


n(k) 


Using  (l 84)  and  (189)  through  (191),  this  can  be  rewritten  as 

<*T' ■&?>+>*<"» 


DCk) 


-  — (k) 
<V3  • 

^33  >R<^) 

<N(k) 

1  ofi  ’ 

1  „<k)  _  (k) 

2  o/333°33  R<k> 

<M‘.» . 

_  6  <-(k)  *.-<k) 

5t  o/333°33  R<k> 

<<r 

— <k)  <k)  ,  -  -(k) 

’  S!2*33  >J|tt)+«r33 

<5?"’ 

’  ^33  >  R^k) 

<C’ 

1  „(k*I)  , -(k) 

’  2  a033°33  J>  R(k> 

:22<733  R<k) 
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The  consistent  boundary  operators  for  N  layers  can  be  written  collectively  as  follows: 

[W]  {Y}  =  {G}  (208) 

where 
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0  0  0  0  0  0 


[d/° 

[Ep  [*P  [F/2>  [0p  ooo 
o  o  Id P  0  0  0  0 

o  [«P  [Ep  [*P  [fP  [sp  o 

0  0  0  0  [Dp  o  0 

ooo  [eP  [eP  [*P  [fP  [eP 

0  0  0  [D  P  o  0  0  0 

0  0  [eP  [eP  [*P  ..ooo 

0  0  0  0  ...  [Ff1'0  [0p  1  0 

.  .  0  [Dp'0  0  0 

0  [ef-l)  [ET0  MfN,)  IF r 
0  0  0  0  [dP 


77 


78 


[D fk) 


0  0  0  -7)^  0  0 

0  0  0  0  -7)  0 

0  0  0  0  0  -7) 

|tj^  0  0  0  0  0 

0  7)^  0  0  0  0 

0  0  7)  0  0  0 


[Ef’ 


0  0  0  - 


0  0  0 


ii-Q(k) 

12  °(I33V> 


0 


— S(k>  7)  01 


0 


[Ffk)  = 


i°  0  0  ttC3^  i^s';;33\  0 


1  -(k) 


{a-}' 


(k> 


to  o 

>3 

33 


0 


0, 


[0fk> 


r( 


l  l 


vVk)  ^  6  r_  1  x  3  v2c(k)  ~ 

120  840XkS3333^5>  24  +  280XkS33331*yj 


0 


0 


[0fk) 


_ _L_-wVk)  n  jL  f  J _JL)t2Q(k)  T» 

120  840  k  3333  >  fly  24  280  *  3333n* 


24  280 


0 


l^k) 


lr  1  +  1  YtVk)  -L,3  C(k+,)i,  ft  (  1  .  3  ¥c(k-l)  2  c(k)  t 

r  120  + 840A  kb3333+tk,lS;5333^5y  c  24  +  280^S3333tk+1  S333;>t| 


0 


The  vector  [G]  consists  of  values  of  the  variables  specified  at  various  points 
boundary.  Explicitly,  typical  equations  in  (208)  are: 


(210) 


(211) 


(212) 


(213) 


(214) 


(215) 

HI 


(216) 
on  the 
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on  S 


lef  W1'  ,)+[E/k)(u}lk)+[0fkVi  (k'+[F]<1‘>{u}(k")+[0]<k’1){o-} (k'  ‘'={ga}(k) 


[D](k){u}<k)={gu}(k)  on  S(uk) 


k) 


(217) 


(218) 


4.5.1  Prescribed  Boundary  Conditions 

From  (208),  the  couplings  of  the  field  variables  in  the  boundary  terms  are 
realized.  For  existence  of  a  variational  formulation  for  the  boundary  value  problem  in 
the  form  proposed  by  Sandhu  f 1 975],  the  boundary  conditions  must  be  specified  in  the 
consistent  form  represented  by  (217)  and  (218).  The  boundary  terms  will  occur  in  the 
governing  function  (103)  in  the  form: 


<{u}<k),  [Dfk,{u}(k)-2{gu}(k)>  (k)+  <{cr}^k),  [0fkV}‘(k',)+infk)(u}(k) 

Su 

+  (#V)-<k>+[  Ffk){u}(k+I)+mfk4,V}-(k*,)-2{g<T}(k)>s0l)  (219) 

{gu},k\  {g0)<k)  are  values  specified  on  appropriate  portions  of  the  boundary  of  the  kth 
layer.  Explicitly,  (219),  is 


<^k)  N(k)— 2e<k>> 

«  *  W  *0  s(k> 


--r<k)  ..(k)  -  (k ) 

+  <^o  >s(k) 


.  — ( k )  -r(k)  -  (k). 

+  <V3  •  ~2h  >00 


,x.(k)  — (k)  -  (k) 

+  ~2*2  >00 

a2 


^.w(k)  -r<k)  ~  <k). 

+  <M^  •  y.  -2g4  >m 

^4 

+  <<“  -v'i ‘-V.'S.. 


-<k)  r  /  1  1  v3c<k)  O.fY  1,3  \2c(k)  1_0k 

<  >3  ’  ~ ^  120  840  ^tkS33337)>^<Tp3,p  + K  24  +  280  ^kS3333^33 


— <  k  - 1 ) 
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r  k  c»(k)  -jmrlk)  .  r  1  c(k)  -Kj(k) 

+  f  Y2  S"^33^>^o,^+  To  s°^33l1>^“^ 


f(  1  ,1  Y»3c^  J.t3  C(k+1>V  T_~ik) 

+  120+  fUO*tkS3333+tk+lS3333  '7)y*Tp3.p 


120  840  k  3333  k+1  33 

1.3  v-2  C<k+D  .2c(k> 


+  ff  J_  +  _A_Y,2  sU4,,-t2s'k'  >n  lo-^’+fJLLis^1^  lN(k4l) 
+  24  +  280 Alk+,:>3333  lka3333'rr'v  33  12 

r  1  c(k+l)  -K  »(k->  I)  ,  f _ /  1  _  1 _ v3  C*k+0  'Lr”^k+ 

+  l  1Q  S°^33^>^1“^  +  _^120  840  ^k+l^3333TV°p3,P 

1(  1  3  \-2  c(k<l)  1_-(k+J) _ .»  (k) 

24  280^k<lS3333^33  2g°  >s,u 

Thus,  the  specified  boundary  conditions  are: 


M(k) _ (k) 

c(k) 

on  S( 

c(k) 

on  S3 

-vr^“ 

««  c(k) 
on  S5 

„  Q(k) 

on  S2 

c(k) 

on  S4 

c(k) 

on  S. 

D 

the  continuity  conditions  are: 

r /  1  1  V3C<k*  Vr^k” 

120  840  XkS3333^ V^-p 

+  !<T15+^X,^^C,s'V>X‘i 


^  t(  1  .  3  y,2  c<k*I)  2c(k)  V  v_-(k)  r  V  1  C(k->1)  Kj<k*l 
+  24  +  280  ^tk*‘^3333  tk^3333xT*yxCr33  \2  ^«fl331Vor/» 

r  1  c<k*l)  h,(k*  1)  ,r  /  _i  1  y3  c<k+l)  -i  -(k-**) 

*  10  S»*331VMa0  +‘  120  840Ak‘'S33337ly^rp3,p 


(220) 


(221) 
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(222) 


+  [(J - 

24  280 


v.  2  _(k*l> 

'tk*l53333 


i  (k-1)  <k> 

=8. 


on  S 


<k> 


Jump  discontinuities  in  the  field  variables  can  be  introduced  as  conditions  at 
internal  boundaries.  Indeed,  as  finite  element  bases  generally  have  limited  smoothness 
across  interelement  boundaries,  even  if  there  are  no  discontinuities  in  the  physical 
problem,  the  smoothness  condition  of  the  physical  problem  needs  to  be  introduced  as  a 
set  of  homogeneous  discontinuity  conditions.  Similar  to  the  format  for  the  conditions 


on  the  boundary,  these  are: 

*(k)\*  »(k) 


on  Si 


(k) 


/w(k)y_  .Ik)  _ik 

on  s3, 


(k> 


n(k) 


-tvj’rn.-g*1  on  s' 


,<k) 

Si 


k)y  _  »(k)  c(k) 

(Vo  }  2  0n  S2i 


4k) 

6 


«-(k) 
on  S6j 


„(k> 


1  „<k) 


/k)\ 


(223) 


+  t(£+ 

*  "W?  on  S " 


(224) 
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The  homogeneous  discontinuity  condition,  i.e.  vanishing  g  jk),  represents  the  internal 
continuity  constraints  for  the  physical  problem.  In  allowing  for  jump  discontinuities, 
generalizing  Sandhu's  [1975]  assumption  for  the  problem  of  elastostatics,  one  could 
require 


s"  n  4’  -  o 

(225) 

s>vnc-o 

(226) 

s“  n  s“ .  o 

(227) 

where  S^’.  a  =  1,  2,  .  ,  6  are  surfaces  imbedded  in  the  region  R<k>. 

However,  Bufler 

[1979]  showed  that  Sandhu's  assumption  is  unnecessary.  The  relationship  between 
S‘kl ,  i«  1,  2,  .  .6  which  are  subsets  of  S<k)  the  boundary  of  R<k)  have  already  been 
determined.  {S-k) ,  S‘k),  i  =  1,  3,  5  }  constitute  pairs  of  complementary  subsets  of 
S(k’,  k  -  1,  2,  „  .,  N. 

4.6  Variational  Principle 

4.6.1  Variational  Formulation  for  Linear  Coupled  Self-Adjoint 
Problem 

For  a  boundary  value  problem  with  n  independent  field  variables,  defined  by 
(112),  (104)  and  (105),  the  governing  function  is  [Sandhu,  1976] 

n  n  n 

fl  =  y*[  <u  ,  J*  A  u  -  2f  >_  +  <u  ,  u  -  2g  >s 

1  1J  J  I  R  I  Ij  j  6I  Sj 

l“l  j^l  j*  1 

n 

*  <“,  •  Z<CiJuj)'-2g;>s  )  (22S) 

r  i 


83 


4.6J2  Governing  Function  for  the  Laminated  Plate 

The  set  of  equations  (173)  along  with  the  boundary  conditions,  (221)  and  the 
continuity  condition  (222),  including  the  jump  discontinuity  conditions  in  (228)  gives 

n(u  ,  or)=2<{u}(,) ,  {P}0)>r(1,+2<{u}<N)  ,  {P}(N>>r()) 

+  £<{u}(k)  ,  [cf  ){o-}'(k  l)>R(k)+£<{u}(k)  ,  [A/kWk)>  (k) 

k-2  k-1 

+£<{u}(k,,[Bfvr(k)>R(k) 

k-l 

+£<{o-r(k) ,  [Bfk){u}<k)>R(k)+£<{o-r(k) ,  [nf  W(k)>R(k) 

k-l  k=l 

+£«o-r(k) ,  ta‘k<,){u}(k4‘)>R(k.1)+x!<{crr(k) ,  [AfW^S  (k) 

k-l  k-2 

+L<{<r}'<k) . 

k-l 

+2<{cr}^N  !)  ,  [QfN-,)>R{N,+2<{<r}-<,)  ,  [Q](,)>r(), 
+£<{u}(k),[DfWk)-2{gu}(k)>  (k) 

k  l  S“ 

+ <  {o-r(  1 1 ,  [Ef  *  W  1  Vr‘  1  4[f 1 1  W2)+itf 2  Vr(2)-2{g^(  S  s(1) 

+Z<{o-^k)jefV}<k,)+[Efk){u}<k)+[^kVr(k) 

k-2 

+[Ff“l’(u)<l*l)+[8fk*l>(cr}'<l")-2{g1T)ll>>s<,) 

+  <(<r)^N  ,\le/''-1V)^'B+[E/N-,>to}IN-,,+[*f-,’W^N',’+(Fi,‘l(u}lN) 

~2  >S(N.,) 

+£<{u}(k)  ,  [D]<kl({u}(k))'-2{g'u}<k!>s(k) 
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+  < 


<cr> <0.  [Elf,>({u}<,))'+[V/]<1>C{cr}  0>) +[P](,>({u}<2>)'+E0](->C{cr}  W)' 


N-2 


£  <{or}'(,l).  [0/k)({cr}-<k-O)'+[E](k)({u}(k>)'+[^]Ck)({o-}'<k))' 


k-2 


+[F]<k+1)({u}<k+,V+[5]<k+1)((cr}^k+1))'— 2{g'o}' 


s!k) 


+<w<N',),iof4',\{a}“(N'2)y-K  ^K',WN",)y+i^N‘,W}"w",))' 

+[FfN)({u}<N)>'-2{g'  }(N  ,)>  (S1) 


(229) 


where  R(k>  is  the  two-dimensional  region  of  the  kth  lamina  and  S^'  symbolically 
represents  appropriate  portions  of  the  boundary  of  R<k).  {u}lk),  {cr}^k>  denote  the  set 
{u}<k)=^0k).  &k\  Vjk) ,  Nlk),  M*\  and  ,  <>}.  k  =  1,  2,  ,  n  N 

respectively.  S(uk)  represent  appropriates  subsets  of  internal  boundaries  in  the  region. 
Substitution  of  (159).  (160),  (161),  (165),  (166),  (167),  (168),  (169),  (171),  (172),  (210) 
through  (212),  and  (214)  through  (216)  into  (229)  gives  the  explicit  form  of  the 
functional,  including  the  jump  discontinuities,  as 

nfn  (o)  i-j^arO)  (o)  —  -r-U)  (oh 

ft(u  ,  a)  2<vy  ,  ^3>r(1)+2<^  ,  — (t^3>r(1)+2<v1  ,  <J\3> 


3  ’  ”  33  R‘i) 


.  lI  C(D  (0)  ,lc(0  _<0) 

2  ’  12  ^»033°V3,y+  2  ^«fl33Cr33>R(D 

.  vud)  1  o<D  _(o)  ,  6  C(D  _(o)  2c(i>  ^-(0K 

+  2<M^.  JO  Sa033°>3,y+  «.  Sa033a33 >  RU)  ^  2<Vp  ’  c  ^P3y3<Xy3  >»U) 


,  -wi^N)  (N)^  lN  (N).  ,  -  ,-<N)  (N). 

+  2<v>  , -cr>3>R(N)+2<^  ,  _o->3>r{n,+2<v3  ,-cr„> 


33  '  „(N) 


.  o^x,(N)  lN  C(N)  (N)  .  1  „(N)  (N). 

+  2<K(t  ’  ~7YS^33<r>3,>  +  yS^33(r33>R(N) 

.  o^m(N)  1  c(N)  <N)  _  6  C(N)  (N).  2  C(N)  (N) 

2  ’  jo^33<J>3->  ^0,033°^ 33  >R(N)+2<^p  *  <  $p3y3CTy3  >  R<N> 
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+LK“  •  <r  ■  <"> 


,  cv(k)  _Lc(k)  ^-<k-»,  1  c(k> 

’  12  a^3ary3,y  +  2  ^0/333^33  >  R(k) 

,  -,w<k>  1  c(k)  _*<k-l)  6  c(k)  -(k- 1) 

Mo/S  ’  IQ  y  +  ^0,^33^33  >  R(k) 

4-  /'V^^  2  Q(k)  -(k- 1 )  \ 

+  <Vp  >RJ 

+21{<:^k)  •  (k)+<^k).  -V(k)>  (U+<v  k)  .  V(k)> 

Aw  o  op.p  Rlk;  o <y  «(k)  *  a,o  , 


+  <{v;(k)  — v<k)  -)-J_s(k>  \(k)> 

op  ’  50/w\p  R<*> 


i(k)  -4R<k)  4-l2_<;<k)  \i(k)>  +<V<k>  — S<k)— v<k,  +  -?f-<;(k)  v(k)>  ) 

o£pp  pp  ^  R(k>  Vy  ’  ^*y  V3,y  '  <»  p3y3  p  >B(kV 


.  ^»j(k)  1<k)  12  c< 


N“  1 

+  V'(cU<k)  -rr^K  4.^k)  .^k>  _-(kL 

+  iji<V>  ,~<Ty3  >R(k)+<0y  ,  yO->3  >r00+<V3  ,-<r33  >r(w) 

,  ^w(k)  _  \  c(k)  -(k)  1  _(k)  -<k>. 

^afi  '  12  or033°y3,y+  2  ^33^33  >R(k) 

4.  ^M(k)  1  C(k>  „-<k>  6  c(k)  -(k) 

<M»0  ’  10  So,p33ay3,y  '^~Sofi33<r33  >  R(k) 

.  2  Q(k)  ~(k)  1 

+  <vp  ,--Sp3>3<r>3  >R(k)} 

N-1 

+  T{<cr"<k)  -vk)+-i-3>k)+  k  S(k)  M(k>  _  1  s(k)  M(k)  _2c(k>  v(k)^ 

Jt-1  >3  ’  Vy  +yPy  +"i2-S0@33N^,y  ioSo^33Ma0,y  JSp3y3Vp  >R(k) 

+  <<ry3  *  =11^3  +-.2ff33  >  R(k, 

+  «r~(k)  ^<k+,)+^lLS(k+,)-IklL«;(k+,)N(k*l) _ 2  c<k+‘>v<k+,)^ 

>3  ’  y  2  12  O0331  c.0.y  10  aW^afi.y  53p3y3p  R<k.l) 


,  ^_~-(k)  T^k),  1  c*k)  v^k^  ^  c(k)  x.(k) 

a33  ’  V3  +  2  ^0033^00  5j  ^0-633^00 '^^k) 
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-  -<k)  ~<k)  -(k)  ,  _(k)  -(k)_ 

+  <C733  •  ~21°\3  +"22Cr33  >R<k) 


.  _-<k)  — (k+l),  1  c(k+I)xt(k  +  l)  ,  6  c(k+ 1).  .(k+1) 

+  <ff33  *V3  +TS^33Nr”  +  “ - S  — M 


'o,0  <r  ''0,033  afi 
Jlk+l 


>R(kJ 


N-l 


+£«<r.A" 


+A,,cr„  >  +  <cr ,,  ,  A„cr,  +A„cr 


k-2 

N-2 


k-1 


+  <cr 


-<k)  ^(k*l)ff-(k-l)  ,  -r<k-l>_-<k-‘l). 


33 


+A 


21  >3 

+  2<{cr}  (N_,)  ,[AfNWN)> 


22  33 


►(k+l) 


D(k  +  lr 


,(N) 


22  33 


+  2<w,i,,[j(i)(«r> 


,d) 


+Z<<v  •  -vi-2g,  >sik> 

k-i 

+  <£k) ,  -r)Xr2g'k>>4k) 


+  <^k)  -t,  V(k)-2c(k)> 

VV3  .  ^  s(k) 


+  <N<k)  Ti  v<k)— 2c(k>> 

0,0  »  7,0«  ^*2  (k) 


+  <<i  •  ’>X*’-284,>. 


(k) 


*  <vlk).nav(3k)-2gik)>s(k)} 


+  <<30  •  t-Ti^33^+^S^337)Xy 


1  r.(  1 )  _  K,(  1 )  .  f  1 


P3.P 


+  K  2?  +  ^XtaS<3333-<S(3,3)33^33,)+[  £^33  VC 
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1  1  v  3«42) 


(2) 


N-2 


-<lc- 1) 


.  /  ,_-<k)  r _ (i  1  v3c(k)  —  i_-(k 

+ZJ  <cry3  ’^  120  840  ^S33337,^°p3.p 


k-2 


+  l(Tfe+WXt^3K,C>Xpv 


,(k) 

o/3 


r  1  c(k+l)  Ix/k+O-r  /  1  1  v3  c^4*^  I  ~(k+l) 

+  +^120  840^k4lS3333^>^p3.p 


10 


120  840 


.  r/  1  3  V2  C(k->1>  U."<k+‘>  \ 

I(24  280Xk+lS333A^33  2g<r>s(k)} 


+  «r 


24  280 

-<N-1) 


>3 


r  /  1  1  v3  C(N-I)  -i  -(N-2) 

’  l-(  120  840 ^-lS3333Vp3,p 


x  f(  1  ,  3  V2  C(N-1)  ,  -<N 

K  24  +  280^NlS33337,ylcr33 


.  r  Vi  c(n-i)  Xl(N-D±r  1  C(N- 0  1k/I(n-D 
[~1TS^33  Voe  +l^OSo^33VM«P 

r,  1  .  1  Y*3  C(N_1)  ■  t3c(N)  x  1_-(N-1) 

+  120  +  840  *VlS3333  +tNS3333^yCrp3,p 

1  .  3  v.2r<N)  .2  C(N-1)\_  1_-(N-I)jr  lN  e<N) 


w  1  ,  3  y»Vn>  ,2  c^-O'w,  •U-(N-l),r  "N  C(N)  -hj(N) 

+  K  24  +  280  ^V>3333  lN- 1^3333  ^  J2  S“'833^? 

+£{<^,.(N<i))-2gf> 


,<k) 


k-1 


+  <%' .  -n^Y-igf '> 
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(k)  s,,{ k)\»  <(kL 

+  <V3  ,  -7]o(Vo  )-2gs  >  (k) 

SSi 

-  <*£!  . 

a2i 

+  <<  . 

a4i 

+  <vi*' . 


+  <a« 1 '  • 


*  '(i5o  +  85oX,-s»3,+^S„\X<,“>' 


+  K^+2i5X,Si  -t^A*CT»>)>4C!^0 


*  K£-j^k£WOr-V'.,’>l(.. 

+Z«  <<“  ■  J^klS«3 

+  ^-S*4s^»'^'t0T 


N-2 


k-2 


+  t(  TIG  +  ^Xt^3^3 

+  I(£+2loX^^ 


1  c<k+D_  v»*<k+1>Y  .r_/’  1  1  \*3  c(k+,)-  v_-(k+i>Y 


120  840 


,  f(  1 _ c^k  +  0  V1_~*k*Oy  1 

24  280  ^k+l^3333^>X  4733  ^  ^<r>s(k) 
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<N-|) 


+  <a  ”  ,  [— ( 

*3  120  840 


1  1  o  C(N-1) 


KA73>y^Z2))‘ 


,  U  1  i  3  v.2  „(N-|)  y  -(N-2)y 

+  [<  M  +  2S0)tN-,SjjjjV<rj3  > 


,  r  Vlc(N-l)  yJN-lX.  r  1  C<N-J)  yx.(N-l)y 
+  l_^2"S^33VN^  )+l^OSaP33VM^  > 

,  f (  1  .  1  Y»3  C(N-I),  3q(N)  \  y  ~(N-l)y 

+  ^  120  +  840  ^tN-lS3333+tNS3333-"Jv^£rp3,p  ^ 

l(  24  280X  NS3333_tN-!S3333)V<r33  }  +^y2 So/m V^rf)' * 

3.  r  1  c(N)  «  yvi(n)y_'W<n-,)^ 

+  '  1()  a  >c<N  ,) 


(230) 


We  shall  show  that  the  Gateaux  differential  of  this  function  vanishes  if  and  only  if 
the  field  equ^  ions  as  well  as  the  boundary  conditions  of  the  problem  are  satisfied. 

4.63  The  Set  of  Admissible  States 

The  governing  function  defined  in  the  previous  section  is  defined  over  the  linear 
vector  space  U  of  the  ordered  set  of  functions  u={v<Qk),  <^2°,  v*3k),  Njjjj,  V^'  and 
ffyf ,  c rjf,  k,  j  «  1,  2,  ,  N-l  }  so  that  each  function  belongs  to  the  intersection  of 

the  domains  of  the  set  of  operators  which  act  on  it.  The  domain  of  definition  M  of 
any  operator  A  is  the  set  V  such  that  for  any  u,v€V,  the  inner  products 
<u  ,  Av>  and  <v  ,  Au>  exist.  Thus  if  we  denote  the  space  of  function  of  which 
derivatives  up  to  order  q  are  continuous  by  O ,  an  admissible  state  is  the  set  of 
u={vlk),  &k),  ?,k>,  NJ2.  MiV*  and  C7^)«  o-^,  k,  j  -  1,  2,  ,  ,  N-l  }  such  that 

<Y  ,  WY>Jt(k)  exists.  To  ensure  this,  it  is  only  necessary  that 

(231) 


o^C2 

V3 


3),rl 

a33  €C 


V(k)€C' 


(232) 

(233) 
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(234) 


M^ec1 


N<kg€C* 

(235) 

v^ec1 

a 

(236) 

^’ec' 

(237) 

vj’ec1 

(238) 

However,  to  ensure  that  all  the  differential  equations  can  be  satisfied  by  an  element  in 
the  set  of  admissible  states,  it  is  necessary  that  various  field  variables  have  appropriate 
smoothness.  The  equilibrium  equations  (113)  through  (115)  require  that; 

1.  <k,€C° 

2.  trik,€C° 

3.  v^'ec',  at  least  one  order  of  continuous  differentiability  higher  than  that  of 
<r<k} 

U  13 

4.  IOC2.  at  least  one  order  of  continuous  differentiability  higher  than  that  of 
<r£\  o-j3k)  and  one  order  higher  than  that  of  V^k) 

5.  NlflCC1,  at  least  one  order  of  continuous  differentiability  higher  than  that  of 

_-(k) 

°\3 

From  constitutive  relations,  (155)  through  (157),  for  CTj3k,€C° 

1.  tr^CC1 ,  one  order  of  continuous  differentiability  higher  that  that  of  cr^k). 

Hence,  €  C2  from  (5)  above. 

2.  ^CC3,  one  order  of  continuous  differentiability  higher  than  that  of  and 

at  least  the  same  as  that  of  o^k) 

3.  £k,€C\  one  order  of  continuous  differentiability  higher  than  that  of  and 

at  least  the  same  as  that  of  cr^’ 
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4. 


7j1‘)€C',  one  order  of  continuous  differentiability  higher  than  that  of  \*k>  and 


(ft*1  and  at  least  one  order  higher  than  that  of  <7yk) 
The  continuity  equations,  (164),  require  that: 

v':1.  *ii>.  5,fc° 

<1.  C  <^'ec' 

and 


(239) 

(240) 


tr  <k)€C2  (241) 

y3 

Combining  the  requirements  of  continuity,  equilibrium,  and  constitutive  equations,  we 
have  the  following  restrictions  upon  the  field  variables  so  that  the  differential  equa¬ 
tions  can  be  simultaneously  meaningful: 


vk>€C3 

(242) 

or 

^ok)€C3 

(243) 

vJ^C4 

(244) 

N(k?€C3 

<»0 

(245) 

M<kg€C3 

(246) 

V(k)€C2 

(247) 

a 

<r-'klec! 

y3 

(248) 

-00  nl 
*33  €C 

(249) 

We  note  here  that  the  domain  of  the  differential  operators  defined  above  is  contained 
in  the  domain  over  which  the  governing  function  (230)  is  defined.  In  the  above  dis¬ 
cussion  C°  may  be  regarded  as  the  space  of  piecewise  continuous  functions  over  the 
domain  Rtk).  This  is  important  for  finite  element  approximations. 
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4.6.4  Proof  of  the  Variational  Theorem 

It  is  important  that  even  if  there  are  no  internal  jump  discontinuities,  i^  if 
g',  ,  ~,'g't  vanish,  the  jump  terms  in  the  functional  fl(u  ,  cr)  be  introduced  in  the 
formulation  [Sandhu  and  Salaam  1975].  If  these  terms  are  excluded,  and  approximants 
which  have  interelement  discontinuities  are  used,  a  built-in  source  of  error  in  the 
approximation  may  exist 

The  adjointness  relations  hold  only  if  the  functions  have  appropriate  smoothness 
properties  over  R(k).  If  there  are  internal  discontinuities,  the  relations  have  to  be 
restated.  The  functions  may  be  sufficiently  smooth  for  the  divergence  theorem  to  be 
applicable  over  subregions  or  elements  but  not  over  the  entire  region.  Thus  if  a 
partition  of  R(k)  into  subregions  or  elements  is  available  such  that  all  S(uk)  are  included 
in  the  intersection  of  the  closure  of  the  elements,  application  of  the  divergence  theorem 
to  the  sum  of  the  inner  products  over  n  elements  will  lead  to  equations  of  the  type 

n  n  n 

<U  .  Av>sU)  -  Z  <v  •  Au>„oo  +  L  <v  >  Cu>soo 

«-l  •  e-1  e  e-1  * 

where  n  is  total  number  of  elements;  R*10  is  the  region  occupied  by  the  eth  element;  C 
is  a  boundary  operator;  s£k)  is  the  boundary  of  the  R'k> .  Clearly,  summation  over  all 
the  elements  leads  to 

*>  _ 

V  <u  ,  Cv>  (k)  =  <u  ,  Cv>  (k)  +  F  (uCv)'dS(k)  (250) 

s«  s  J  s‘k> 

where  S<k)  is  the  boundary  of  the  region  R<k)  or  of  its  finite  element  approximation; 
S|k)  is  the  union  of  interelement  boundaries  and  the  superscripted  prime  denotes  a  jump 
in  the  quantity. 

To  evaluate  Gateaux  differential  of  fl(u ,  cr)  along  arbitrary  paths  in  the  space  of 
admissible  states  following  the  definition  given  in  (98)  through  (100),  it  is  necessary 
and  sufficient  to  consider  paths  in  the  space  of  admissible  states  of  each  field  variable 
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separately  e.g.  in  (98)  the  v  could  be  arbitrary  in  the  set  of  admissible  states  of  one 
variable  and  have  zero  components  in  the  spaces  of  admissible  states  of  the  remaining 
variables.  Thus  considering  paths  exclusively  in  the  space  of  v*ak),  denoting  an 
arbitrary  path  by  ?0k),  the  Gateaux  differential  of  Cl  with  respect  to  \Tk)  along  path 
?.■> » 

A  .k)n=<^’ ,  (>) 

or  or3  ap.p  <*3  0(3  a3  j^lk) 

+  <N(k)  -tk)  > 

+  ^  ’  *(o,,gr  K<k> 

.-(i)  „  *,00  00^ 

+  <x  .  fl-2g,  >^k) 


+  <N%  '  Vok)>c<k) 


+  <C . 

+  <nii;  • 


Noting  that 

~ik)  _  .  *r(k)  — ik).  _ .  T(k)  "(k)  /*  s*,(k) — (k)  \*  ,t,fk 

<N*0  »  X(o^)>„(k)-<NoftP  *  Xor  >„(k)~<  0,^  »  Xo  T}P>s(k)  J  ^  dSi 

Si 

and  that  5?°  (J  $k)=?k)  and  S(,k)  [)  S^k)=0 

)n=2<xk)  ,  N<k* cr"<k)+a"<k'1)>  .  +  2<x<k)  ,  -7)flN(kB-g<k)>  (k) 

or  orp,p  o3  or3  6(k)  o  *  rp  op  ©J  ^(k) 

«  * 

+  2<i:\-n^r>AV  c 

Noting  that  inner  product  is  a  nondegenerate  bilinear  mapping,  i-e., 

<u  ,  v>_  -  0  for  all  v  <=—>  u  -  0  on  R 


(k)  c<k) 


and  that  arbitrary  xa  could  be  selected  such  that  xo  vanish  on  any  two  of  R  ,  S, 
and  S(,k),  vanishing  of  A^fi  for  all  j£k)  implies 
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v(k)  -<k), -<k- 1)  „  n(k) 

N  <j  .  +cr  .  =0  on  R 

ap.t i  o  3  o  3 


v(k)  (k)  c(k) 

"Vo*  “  Si  on  si 


-VO  •  «T  on  s“ 


Similarly,  Gateaux  differential  of  Cl  with  respect  to  <^ak)  along  path  y^k>  is 

A  n-^k)  ^  _-<k-'>  ,..<k)  \7(k)X  tk  ^r'(k)X  tk  ^.'(k)J.  tk  «-_(k 

—  <y  ,  —  cr  +M  aa—  V  +— or  ,  + — or  ,  + — <r  ,  >  ... 

J  or  9  o3  op»P  a  O  o3  'l  a3  ‘J  o3  *»(k) 


...(k)  — <k)  _ 

+  <Mofi  *  y(o.0)>R<k) 


+  <v(k) ,  -^k)>  (k) 


,  -r^k)  ..(k)  <k)_ 

+  <yo  »  ^3  >  ^k) 


«.  ^M(k)  „  t^k) 

+  <M*P  *  ^k) 


_^r^k)  /. j(k)\<  «  >(k). 

+  <y«  *  ^83 


-  <»<2.V5?V> 


Noting  that 


^M<k>  _r^k)  _  .w<k)  ^-M(k)  r^k)  r  fw(k)  n<kL  v^clk> 

<  *  y(o.P)>R(k)  <MO0.0  *  ya  >R(k)  <Mo,p  *  ya  7lp>s(k)  J  (k)  kM«P  yo,  ^  d^l 


and  $u  (J  S^S00  ;  S<k)  f|  S*k,=0 


V0"2^ .  ,  -TiXK^sCk, 


Vanishing  of  A-^,0  for  arbitrary  y^k)  implies 
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and 


M(k'  ~v(k)+— (o-^'+cr^  n)  =  0  on  R( 

op,p  or  2  **3  »3 

x.(k)  <k)  c(k) 

~VbKb  *  g3  011  S3 


/w(^)y  *(k)  q(0 

~VM <V  “  g  3  00  S3i 

Gateaux  differential  of  fl  with  respect  to  v*jk)  along  path  z^k>  is 

*  r,_^.-(k)  -(k-1)  ,  ,,(k)  -<k)_-(k)  ,_-<k-l) 

<Z3  ’^33  +Vo.o-a33  “^33  +<T33  >  R(k) 

+  <V<k)  ,  -xk>  >  ,  , 

Q  3,Ck 


^-(k)  ,,<k)  _  (k). 

+  <Z3  ,  -T7aVo  -2gs  >  (k) 


,  ^  r<k) 

+  <Va  '  >s(k) 


^-(k)  /,  *(k)Y  ,  <(k). 

+  <Z3  ,-7)o(Vn  )-2gs  >( 


+  <vLk)  -  \<^># k, 


Noting  that 


—  <V<k)  5<k)>  —  <V<k*  z^ti  >  —  f*  (V<k>  z^ti  )’dS<k) 

<Vo  •  X3.a>R(k)_<Vo,,o  *  Z3  >R<k)  <Vo,  s<k>  J  (|[)  V  «  Z3  V  ^ 


and  $k)  (J  5lk)=^k)  ;  S($k)  f|  S^O 


.  ,,<k)  .  -<k-0  _^k) .  .-5^=<k)  _  v(k)  (k) 

A^k)ft_2<Z3  »  V0,o+(T33  ^33  >R(k)+2<Z3  *  \Vo  gs  >^k) 


+  2<zk)  ,  -TJa(V(ok))'-g'<k)>s^) 


(252) 


Vanishing  of  4^,0  for  arbitrary  2,"  implies 


V‘,+<r;,‘-,>-<r^1  -  0  on  R,k> 

a, or  33  33 


xr(k)  <k)  _  c(k) 

-0aVo  =  g5  on  S5 
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-VO  -  «?’  °»  s" 


Gateaux  differential  of  Cl  with  respect  to  along  path  is 


A  *k  c(k)  ^k-1),  1  „<k)  At)  At)  ,  2  c(k)  M(k) 

<nap  ’  J2  S^33ay3,y  +  2  V<o.,0)+  t 


<*e 


\  p(k)  -<k)  ,  1  Q(k)  — (k>  ,  1  Q(k)  Ck—  k )  ,  1  p(k)  -(k-l) 

12^33  >3,yT2  “^33  33  2  “^33tr33  +2  “?33ff33  R<k) 


+  <^k)  *  nS,*>R<k) 


^  ^  -<k)  *k  Q(k)  <k) 

<a>3  ’  n^33*01^ i 


,(k) 


■  trrr^-"  -  tk  C(k)  n(k) 

>3  ’  J2  “*33  “fr*  R<k> 


.  <k)  — <k)  _  <k). 

+  <nafi  *  "n^o  282  >s^k) 


.  (k) 

+  <V«  *  7)flnop>^k) 


-  <«£ .  -Ttc3^<r+T|-C3^<r,,>sl 

*  <»S  • 

^k)  /  (k)y . 

+  <Va  •  “VnoP  >e<k) 

*11 

.  ^  <k)  _  \  At)  f  -<k)y  ,  Xk  s(k>  _  /_ -<k-l)y. 

’  J2S“^33^>  ^k3  ^  12  S°,S337^'  >3 


\  At) 


_-<k)  .  lk  p(k) 


_-(k-J), 


(k> 


c(k) 


Noting  that 


^7<k)  (k)  (k)  At)  ,  .  (k)  -<k).  f  f  it)  -<kK.  .c(k 

<Wafi  *  > B<k)  <Tlc,fi  >  V(OHS) >  R(k)+  < Do^  *  Va  >^k)+ J  ^ >  dS. 

Sl 

<er-<»  ^k_c(k)  n<k)  ^  __<,_(k)  \  At)  At) 

>3  ’  12  «f33  «A>  ,(!>)  ’  72’3<*033Oy3.y  „<k) 


.  ^  <k)  lk  c<k)  ,,  ~(k) 

nc»P  ’  12  >s(k) 
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+  f  (n o-“lk>)'dS<k) 

J  12  “033  '>  >3 

Si 

-(k  I)  _  lk  Q(k>  (k)  _.<k)  *k  c<k)  -<k-l). 

>3  ’  12  °033na0.y^  R(k)  ^n<*/3  ’  J2  ft^33  >3  >  R(k) 


(k)  \  Q(k)  -<k-l) 

‘  ^no,(S  ’  ~Y2  a/333  y3  s<k> 


//  (k)  \  Q(k)  -(k-l)y  .Q( 

,a)  12  S^33V*>  )dS- 

and  St,k)  (J  5'2k,=Sk)  ;  S<k)  f)  S(2k,=0 


A  r>  *k  c(k)  -(k  I ) _  c(k)  _-(k)_-<k) 

^  <k)^  2<n«fl  ,  3  i->Sfl33o\3  v 


<k) 


’  |2  o/333  -y3,y  <*$33  y3,y  (o>.0) 

+  — S(k’  N<k)+is(kg33(cr:(k',)+cr3k))>  (k) 

^  o£pp  pp  2  ftp33  33  33  |jVk; 


,  «  .  (k)  n<k)  (k) 

+  ^<nafi  ’  7lfiVa  ~^2  >sCk) 


,  ^  (k)  /— <kk«  '(k) 

+  2<nap  ,  -r)^(vo  )-g  2  >^k) 

Vanishing  of  A^ft  for  arbitrary  implies 

*k  c(k)  ,  -(k-1)  -<k)  X  -(k)  ,1  c(k)  KI(k)  ,  1  c(k>  f_-<k-l),  -<kk  n  D(k) 

— S  '  (<r  ,  — cr  ,  )—■ v,  — S  .  N  +— S  +o\,  1  =  0  on  K 

12  a/333  >3,>  y3.y  (f*,/3)  {  <>Pmp  HP  2  0!^33  33  33 


(253) 


— (k)  (k)  c(k) 

V«  *  82  011  S2 


and 


/-"^kX*  *(k)  c(k) 

Vv* 0  “  8  2  on  S2i 

Gateaux  differential  of  ft  with  respect  to  M(0k)  along  path  is 

a  <k)  1  c(k)  '(k-1),  6  c(k)  -(k-l)_-r(k)  ,  24  ~(k)  ^(k) 

^m<k>^  <map  ’  iQ  ^o633^>3,')'  +  5t  ^<*033^33  ~~ ^(or,0)+  3  a  Pup  up 

“A  k  \ 

1  „(k)  -<k) _  6  Q(k)  -<k)_  6  ~<k)  _-<k>+_6_c<k)  fT-<k',)> 

+  'j0:,^33CTy3,>  5^a033°33  5^°fl-033U33  S\  °033  33  , 


,(k) 
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,  n,(k)  -v 

+  <<*>a  ’  maW>R(k) 


.  ^„T<k>  _  1  C<k>  ,Jk>  ^ 

<0>3  ’  iOSoj833maAy>R<k> 


+  <o-yJ 


*  c<k>  _<*>  s 
JO  3o033  ofty^OO 


.  <k)  _  -r(k)  .  (k)^ 

<m^  *  -2g4  > 


.(k) 


-Tr<k)  (k). 

+  <$a  . -^mtt/3>^k) 


(k)  1  c(k)  _-(k),  1  c(k)  -^k-1) 

+  <m  „  ,  — S  .,,7)  cr  ,  H - S  cr  ,  > 

“0  JO  “033  '  *3  10  a033  '  >3 


.(k) 


<m2  •  V^lk>),_2g! 2t)>, 


.(k) 


Noting  that 


■(k) 


Si 


<?S  •  mIt!s.>K<.)=s-<m<‘«  ■  C)>,«+<n,-»  •  f  ,u  V.U)Vls!l> 

S 


^  _-<k)  1  c(k)  (k)  .  (k)  1  _(k)  _-(k)  . 

>3  JO  “033  o/3, y  R(k)  o0  jq  o/333  >3.y 


.(k) 


<k>  1  c(k)  _-(k) 

“  > ni  a  i  _  ^  «,.7j  cr  .  ^ 

“0  10  “03}  Y  >3 

/(  <k>  1  c(k)  -(k)y 

ft)  “0  10  S“033 Ws  5 ' 


_-(k-l)  _  1  «,(k)  (k)  _  (k)  1  Q(k)  -(k-l) 

>3  ’  JQ  “033  o0,y  *  R(k)  ^mo/3  »  jq  “033  y3,y  * 


(rW  1  c(k)  _  «.-‘k)v  ,c(k) 
(k/m^  ^^33^3  )dS, 

s 

_J_<;<k>  AY.-. 

10  “033try3,y 


,(k) 


^  <k>  1  sM  _-(k-0 

ofl  10  a^33  >3  s(k) 


f  (m(k’  -Lsw  (7-'<k'‘>)'dS(ll) 
J  Mi  °0  10  0033  >  >3 


99 


and  (J  5“’=^'  ;  S<k>  f|  S'k,=0 


a  n—')  s'  ^  1  c(k)  „  <k  »,  1  c(k)  ~-(k)_z<k) 


<*P 


0/3  *  |Q  op33  >3,y  |Q  cv033  >3,y  y(a,|?) 


12  c(k)  x,(k),  6  c(k)  /  -(k-l)  ~(kKv 

+  —So^PMW+5T-S^33(tr33  "^33  ^(k) 

tk  K 

+  2<m^  ,  ‘n^k)-g(4k)>s(x) 

+  2<mS  ’  (254) 

Vanishing  of  for  arbitrary  implies 

1  c(k)  /  -(k- 1)  *(k)  \  -r(k)  12  c(k)  x.(k).  6  c(k)  ,  (k-  1)  -(k>\  A  „(k' 

TQS«/333(cr>3.y  (Ty3.y)-^^)+-TS^PMW+ 5TSo^33(cr33  “^33  }  =  0  00  R 

*k  k 


„  -r<k)  (k)  „(» 

W  “  g4  011  S4 


,(k) 


and 


VO'  - «"  0”s" 


(k) 

P 


Gateaux  differential  of  ft  with  respect  to  Vk)  along  path  q(pk 

a  r»-^Jk)  2c(k) 

’  TSo3>3<T 


(k)  2  c(k)  „-(k-l)_r(l)_j(k)  -<k)  ,  48  c(k)  ,,(k) 

5Sp3y3£ry3  “*p  “*p  ~V3.P+ 5^Sp3y3V> 


2c(k)  -<k)_2c(k)  fr^k)_2.Q(k)  fr-b‘-«)v> 

5Sp3y3  y3  5  p3>3  >3  5  Sp3y3  >3  R<k> 


— <k)  (k) , 


+  <v,  ,  q  > 

3  nOr,or  R(k) 


L  Jk)  ~  T^k)  ->„(k)'v 
+  <%  •  V3  ~2h  >c<k) 


+  <^)  ’  -T>«ct«)>s(k) 


+  <%’  •  ^3k))'-2g'<6k)> 

+  <V3k)  . 


<k) 


r(k) 


Noting  that 
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(k)  (k)  _  — (k)  (k).  ,  . — (k)  (k)  ,  /*  /— (k)  (k)  y.Jk) 

<v  ,  q  >  ,  .=  < v .j  ,  q  >  .v)+<v_  ,  q  7}  >  +  I  (\ .  q  7)  )  dS 

3  ^a,o  *  3tq  *o  j^'k)  3  1 o  <^lk)  J  ^  3  ~a  *o  \ 

and  %k)  (J  5*k,=Sk)  ;  f|  Slk,=0 

A  (k)fi=2<q(nk> ,  -J-s(k>  a y;'k'1)+o-;<k))-?'k)-^k)+ 24  "(k)  -(k) 


5  “p3y3'~  y3 


qV 

3,P  ’  5^  p3y3y  R(k) 
k 


,  (k)  — (k)  (k). 

+  ^<£^p  ’  7>pV3  >s(k) 


(k)  ✓— {k)y  '(k). 

+  2<%  >^(V3  )“gfc  > 


p  ’  'p'  3  '  =>  6  "  Ak) 


Vanishing  of  A^klfl  for  arbitrary  qp  implies 

2  c(k)  /  Ak-I)  -<k)\  -r<k)  — (k),  24  c(k)  k)  D(k) 

— — S  -  Acr  +cr  ,  )— <b  — v,  + - S  ,  ,V  =  0  on  R 

5  p3y3  y3  >3  ^p  3,p  p3y3  y 

k 

_  r^k)  (k)  c(k) 

Vs  =  8e  on  s6 

and 

^  f^k>Y  <k)  „<k) 

Vv3  }  "  2fei  on  S6i 

Gateaux  differential  of  ft  with  respect  to  cr^k)  along  path  t^u  is 

a  0-^--r_(k)  n<k+|)-i.  Vn  3^k-l)  2  c(k+l)..(k+l)  -<k>  lk  -jr(k)  2  „(k)  ,Ak) 

T*  >3  ’  >  +~T*>  ~5Sp^  »  ~Wy  +T*>  _5Sp3y3VP 

r^k)  ,  tk  ^k)J.  lk  C(k)  M(k)  1  C(k)  X4(k)  2  C(k>  A7<k) 

-  \  +y<£>  +_S^33NaPy-— SoM3M^>--Sp3y3Vp 


,  «(k)  -(k)  ,  w(k)  -(k) ,  — <k+I)  ,  ^k+1  3^k+J)  Vl  AkOLIk' 

+  ~.lCTy3  +~  12^33  +Vy  +~V^y  ~~ 


J) 

o/3.y 


1  C(K+1)X -(k»i)  2  c(k+l),,(k-*l),  .(k)  -<k-J)  .  .  (k)  -(k-1) 

’  -ioS.»!3M.».y-5S,JrJVP  +A.ltr,J  +A13tr31 


11  y3 


12  33 


n(k) 


+  <  T 


<k)  kk+ 1  c.(k+l)Kr(k-l)  .  ]  r(Ml)w(k-l) 


N' 


M 


y3,y  ’  J2  o(333‘  «{3  JQ  o/333 


_2k_c(k)  \'(k)+_Lc(k)  M(k)> 

J2  0033  a0+  K)  oS33Mor  K(k) 


(255) 
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+  <£r>3  *  ~n\3  >R(W) 


+  ^°33  *  “ 2l  y3  R<k> 


,  A(k+*>_-<k) 

+  <<ry3  *  ^11  Ty3  >R<*) 


^  -<k+i)  a^+IL-Oi)^ 

+  <<T33  ’  ^21  Ty3  ^Rtk> 

.  -(k-J)  -r(k)  -(k). 

+  <Cry3  *  1  l^y3  >R<k> 

(k-  I)  -r-()l)  -(k)  . 

+  <0-33  >  ^2iTy3  >*«« 


^  -(k)  r  /  1  1  Oc(k)  ^  W(k  °+[r-  1  +  _L_)t2Q(k)  7)  lo-  <k 

+  >3  ’  ^no' MO^k^ssV^  24  280)kS33337)vJ<r33 


24  280 


,  r _ fk  c<k>  •»,  lN(k)+r-Ls(k)  T)  lM<k) 

+  “^33^>iN“^+  10  ba033^kJMo'P 

,  rr  1  ».  1  Yt3<;(k)  +t3  S^k+1^)n  lcr~^ 

+  kkl20  +  840  Atkb3333+tk+lb3333'nr,yJCrp3>p 

.  U  1  .  3  Yti  C<k+,)_tVk)  T(r-<k>+[IklLs<k<1>TJ  Wk+1> 

+  ^  24  +  280^tk+,S3333  tkb3333J>7,yJ<r33  +L  \2  <*P 

L  r  1  c(k+,)«  iM(k+,)4-r— r  _ _i_ v3  s(k+1)'n  lo-"<k+1) 

+  t  JQ  So^^y^o*  ^  120  840*k+1  J333^'  ^ 

r ,  \  3  v2  c(k+l)  l/--<k+,)_2o(k)'> 

+  (24  280^k+‘S3333^^33  2%0  >s<kl 

-<k)  r  !  1  1  \.3  c<k+i>  T_-<k- 1) 

+  <Tp3.p  ’  ^  120  840  k+1  33337,y  >3 

*  <<?’  • 

*  i-^Ca*0'*£C  ,v»Cr 

+  Kik+isx^V^.C>^ 


,  u  1  _l  3  v.2  1 )  2c(t)  y_  v^kV  if  Vi  c<k'*L 

1  24  280X  k+‘S3333  fcS3333>n>X  33  ’  ^TT^33 V"^  j 


24  280 

+  ['^•S.M3,>ykMU  '+^120  S40'‘I'I‘'J3J3',>,"'»W 


1  0<k+ 1) _  ViA+^Vjf  <  1  1  V3  Q(k+1)n  Yn-“(k4,V 

',lin  ia3333,lv*UnVn  ' 


cfk> 


_^_-(k)  r  r  1 _ 1 _ v3  c(k+l)  V—^k+lk/ 

+  <Tp3.P’^  120  840)tk4lS33337M(l ay3  ' 


r/  1  ,  1  Y*3r<(K)  ,  3  c(k-*-i)\  v .-(kjy 

[(l20  +  840Xt*lS3333+tk+lS3333)\K3  > 


.  r _ (  i  i  \  3c(k)  y  -Ik-  l)y 

"^  120  840  kS333A*  >3  ^ 

Using  the  divergence  theorem: 

^  —  ~(k)  (  ^k+  1  ^  \j(k+  1) 

<T>3.>  ’  (TTN“*>  +10M^  )S^33>R(k> 


.(k) 


^r+>ir>Cv 


+  <T  „-<k)  (IkliN<k4,)+.LM<k+,))S('L+,)> 

y**y  9  12  10  3  s(k) 

+  r  (Tv3^y k>  (~T' 

j  (o  >3  >  12  10  “p  °'^33  1 


tk) 


<r'<k)  (— JLNU'+— M^OS’ 

>3.>  - k  j2  <*£  io  »f33'  Ri 


k  vt^)  .  1  w(kkc(k) 


3k) 


<T_<k)  _(_2LN<k)  +-i_ M<k>  Wk>  > 

>3  12  “A>  10  ^■•>'^33  R(k) 


+  <T>37)y  k>  .  (-4n(^+  > 


12  “0  10  “0  <*£33 


(k) 


.(k) 


._-(k)  ~<k)  -(k)  ^  (k)  ~<k)  -<k). 

<0\3  *=I1T>3  >R<k)  “  <T>3  ’“,1^3  >R(k) 
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.  (  1  1  Vc(k)  ,3  ,  c<k+l)  3  Y^«.~(ku  _-ui  ^  ~ik>  „-(k).  ■) 

+  k  120  840  ^^3333tk+^3333tk+1^<cr>3  ^  ’  TP3.p>s<k)  <r>3  ’  <Tp3.p>s"'>3 

,  (  1  lvc(k)  ,3j.c(k,|V  v  f  r^k)~  »-(k)v^c(k) 

+  (-T20~840XS3333tk+S3333tk+‘X  J  Jav3^TP3.P)dS. 

®i 

„ _ -<k)  _(k>  -<k)_  -  -<k)  ~<k)  -(kV 

<Cr33  ’  ~21Ty3  >R(k)  ~  <ry3  ’  *12*33  >  RCk> 

-._"(k)  (  1  3  Yc<k)  .3  c(k+l)  3  w  (k) 

<Ty3  ^y  ’  ^24  +  280^3333^  S3333lk*l  ^33  >S,k) 

//  1  .  3  yc(k)  3  -(k+I)  3  w  00  -(k)y 

j,,  24  +  J80XS««'«  S»»  ‘•'’'VyJ  CT3i  >  >s;k, 

-<k-H)  A0t+l)_-<k)^  _  -  -(k)  Tr<k4l) _ -(k-f  i) 

^  »  ■‘‘i  i  ~ 


_-(k) 


-<k). 


(k) 


-<k). 


<<Ty3  ’  AI1  Ty3  ^(k) 


.  t  1  1  \c(k+l).3  r  -._-tk*l)  ,-tkJ^  -  -U)  -4k-n>  n 

+  ^120  840  J333*k+  i  <Cry3  •  rp3^>>s(k)  <ry3  \  '*p3.p  > 


y3 

_-<k+l)  -<k) 


11  ay3  >R<k) 


_-<k) 


_-<k+ 1) 


+  ( 


1  1  -votk+l)  3  r  r  /  -(k+l)  -{kK-jcOO  /*  f  _~<k)  -(k+  l)vjcfkh 

rn'iSo V»J3.)dSi  -J  J\>  \  )dS.  1 


-  _-(k-l)  -r<k)  -(k).  .T-(k)  .(k)  -(k-l)_ 

<0y3  *  ^UTy3  >R(k)  “  <Ty3  *  AU<ry3  > 


,(k) 


_-<k>_ 


-<k-l). 


+  (15o'55o<’^<<3',l,|»  ■ 

*  (T5T 830^33 ‘5/  <<\  „<<>% 


_-<k-l) 


.-(k). 


<033  •  ^21Ty3  >R(k) 

*<k>. 


^„-(k)  A(k)  -<k-l)s 
<Ty3  •  A12°33  ‘ 


„<k) 


+  <r 


-kkl  f  3  1  ^2«(k)  _-<k-I)^ 

>3  ^y  ’  1  280  24  ^  3333^33  ^sCk) 


/*  (  ,  3  1  v2C(k>  «  ,“<k)  -(k-l)y^c(k) 

J  jM  (280  _ 24 k‘S=3»V>)  )dS, 


^  ~(k+l)  A(k+1)  -<k)_ 

«7„  ,  A„  T_,  >  (k) 


33 


*21  y3  R(i 


-(k)  x(k+l)  -lk-1), 
<Ty3  ’^12  ^33  ' 


D(k) 
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^--<k)_  (  1  3  v2  „<k^  1)  -<k+ 1) 

<Ty3  ’  (24  280  A*+ 1^3333*^33  >s<k) 

.  f  1 _ 3  v2  c(k+l)  -<k)  -(k+ 1  )Y  ^ 

J  24  280*k+‘S«33V>3  a33  ):>s|k) 

Substituting  these  relations  into  the  expression  for  the  Gateaux  differential  we  have 

a  *00  -<k-l),  A(k)  -<k-I) 

A  ,-a)fi-2<T>3  •An£r>3  +A«’(r- 


V 


1 2  3  3 


^k)4.  tk  ;tfkWk>  (  tk  M<k)  1  X4<k>  ^  2  c(k)  ..<k) 
Vy  +Y<Py  +S^33(72N^.>_“M-£')_~S  ’  ’V 


10  5  p3y3  p 


.  — (k)  -(k)  w(k)  -(k) 

+  -1.^3  +~12Cr33 


Vl  XT<k->l)  1  w(k-]K  2  C(k-U)..(k* 
+  v>  +_2“<Py  +S^33(— i2"No^-ioM»^)_SS'>3>3\p 


i) 


11  >3 

_-<k) 


12  33 


„(k) 


+  r— f-JL _ L-vV10  «  Vr^-^+rr-  1  4.  3  v2c(k) 

<  y3  ’  ^  120  840 «  33331^v*£rp3,p  24  +  280  'tkS3333Tytr33 


^k  c^kl  tv  A)  1  c(k) 


+  1  -f  3  v>2  o(k+l)  2«(k)  v  l_-<k)  ,  [  V*1  c(k+l)  v(l*l) 

U24  280X  k+«S3333  ^53333^33  ^33^.^ 


x  r  1  c(k,|L  hi(k*i>,r  t  i  i  \.3  „(k*n  i _-<k+ 

+  +HT20_840)tk"S3333^3,P 

**ir4s*&tor?0-£>*> 

*  2<<>’  ■ 


1  1  \.3  c(k*l) 


-<k->l) 
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J.  \(  1  J.  3  Y»2  C(k4«>_.2c(k)  V_-(kK'j.r  *k‘  1  VkA*  >'y 

K  24  280  X  k+*S«33  kS3333 Va33  } +l-f2-So^3VNo/3  } 


-  so 1 ,og«c  "> 

♦  ’*-*?>*. 


Vanishing  of  A  <k)fi  for  arbitrary  t^}  implies 


A(k)  -<k-  1),  A(k)  -(k-1) 

AUCry3  ^.2^33 

r^k),  ^k)J.C(k)  (  lk  M(k)  1  »,(k>  'l  2C(k>  \>(k) 

-  vy  +y^  +S<WJ33(— N^-  — Mofty)--Sp3y3\p 


L  ~<k)  ~(k) ,  _(k)  -<k) 
+  S,,<T  .  +  £.,0%, 

1 1  y3  12  33 


t  Vl  M<k-1>  1  k/k+Dy  2  c(k+l)..(k-*l) 

+  V>  +—Vy  +Sap33(-— Naey-— Mofty)--Sp3y,Vp 
+  ^;*)cr;<r,)<;,Wri)  =  0  on  R(k) 


24  280 


4  i-^-C 


+  Kife+8feX*».+*J..S?».V»t 


,  rr  1  4.  3  y»2  c<k+o  f2c(k)  n  w(k,j^kiic(k4,)v.  iM(k4,) 
t(24  280X  k4‘S3333  tk$3333>T’yJ<r33  ^TT^mV^ 

,  f  1  c(k*l)_  x.(k+l),r  / _ 1 _ 1 _ v3  „(k+l)  1  -<k-*l) 

+  1  10  +  ~ '  120  840  Ak41^33337V<7p3,p 

,  1  _  3  ^2  «4k-l)  y—^k+l)  (k)  _<k) 

1(24  280*k+lS33«V^3  %°  S 


(256) 


1 _ Jv3„(k> 

120  840  k  33 
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*  l<-no+ TOx*^K,0^2?r 

,  r/  1  3  -^.2  c^+*)_  Y_~^k-* Oy_ _'*k)  _„  c*k^ 

1  24"  280Xh,Sj”3V  13  )=8<r  on  S. 

Gateaux  differential  of  ft  with  respect  to  cr^1  along  path  Tj3k)  is 

A  r^k*l).  1  c^'V-tk*!),  6  C(k-U)»  ,(k+ l)  1  „(k)  v,(k)  6  c(k)  v.(k) 

A  /k>ft =  <T-  ,  v,  +— S  fl,,N  ,,  +— - S  +— S  a,,N  .— — — S  ai,M  a 

T^'  33  1  3  2  op33  <*P  ^  <*p33  op  2  op33  op  ^  op33  op 

,  1  c<k+l)xT<k*l)1  6  *.<k+l)w(k+J)^ 

+  JSafi33Naf>  +T, - \fi33Mc,p  >RCk) 

,  _“(k)  -<k)  -(k).  «(k)  -(k),  .(k)  -(k-l).  A<k)  -(k-1) 

+  <T33  *  C2.°y3  +-22<T 33  ^2.^3  +A22<733 


21  >3 


22  ~33 


b(k) 


,  -  -<k)  ~<k)  ~<kK  .  -  -<k)  — <k)  -<k) 

+  <<r>3  **.2T33  >„<k)+<<r33  *  “22*33  >„<k) 


+  «r 


-<k*l)  .(k»l)_-(k) 


(k+1)  A(k-* I)  -ik). 


12  T33  >B(k)+<<r33  •  A22  T33  > 


,(k) 


+  «T 


<k—  1 ) 


•  Kl 


v-(k)  .  -<k-l)  -r(k)  -<k). 

T33  >R(k)+<<T33  ’  A22T33  ^(k) 


,  r/ _ j_i_3  vi  c*k+0  Vr-~*k+0 

<T33  *  K  24  +  280’ H^»S3333'n>JCr>3 

,  ff  1  i  3  Yt2  „(k+l)  2_(k)  X  ,  -(k) 

"  24  +  280  **k+ 1^3333  'k^aS^V*7^ 

,  rr  1  3  v2r(k)  _  t__— <k- 1 >  ^ 

24  280^kS”33^>3 
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,  ^  _~<k)  re  1  i_  3  \,2  c(k+i)  v  -(k-*i)\< 
+  <T33  'I(_24  +280^'S333AX  >3  } 

*  k^-4i 


Using  the  relationships 


-<k)  ~<k) -<k)  -<T™  s**V™'> 

^°>3  *  12*33  ^B(k)  ^t33  *  “21  *3 


<k)  mXk)  Ak) , 


.  -<k)  (  1  j.  3  V«2c(k)  *  c(k+,)W'(k)^ 

+  <r33  ’  24  +  280 Xt|t^3333  tk*»^3J33^ry3  ^>>stk) 


r.(k+  l)\ _ -(k) 


/,,  1  ,  3  Y,Vk>  ,  c<k*IK  -(k)-(k>v  .c(k 

J(24  280XtkS3333_tk+'S3333>)>  33  >3  }  S- 

* 

<<Xy3  ’  A12  T33  <T33  ’  A21  ** y3  >R,k) 

.Ak)  (  3  ,  1  v2  c(k-l)  -(k+l) 

<  33  ’  *  280  +  24  ^k+,S3333°r>3  \> tfk) 

r  i(  3  ,  1  v2  c<k+,)«.  .-(kL^Dv-v 
J  4*  ~  280  4  24  Vis3333 V33  ay3  0  >sJk> 

-<k-l)  -r<k)  -<k)  _  .,-00  .(U-tk-l), 

<0>.3  ’  A12T33  ^(k)  <T33  ’  A21°V3  >  R,k> 

.  -tk>  r  3  1  v2c(k)  _-<k-l>  ^ 

<t33  ’(280  24^kS3333  >3  ^>>s(k) 

r  ((  3  i  vVk>  „ ,-oo -oc-ih... 

J  A k)  280  24  ^AsssVjs  °\3  }>s(k) 


<<r33  »  C22r33  >Rtt)'_<T33  ’  C22a33  *00 

^„Ak+t)  .(k<l>  -00.  _  .,-00  T<k*l)  -00 

<(T33  ’  A22  T33  >»<k)  <T33  ’  A22  ^33 


-<k-l)  Trtk+O.-OO.  _.,<k>  A<k^*»_-<k-l) 

r33  ’*22  T33  >„(k»-<T33  *  A22  ^33  >>) 


we  have 
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A  A<k)  -<k  1),  A<k)  -tk-l) 

2<T33  *^>3  +A22CT  33 

T33 


Mk) .  1  c(k)  w(k)  6  c(k)  w(k) 
-  V3  +2-So^3N^~5^S^33Map 


~<k)  - -<kK  Uk)  -<k) 
+  ~2I°\3  +'"22*33 


,  -<k+l)  .  1  c(k+J)KI(k+l),  6  c(k+l). -(k-*l) 

+  V3  +-2S^33NaP  +— S^33MaP 


k+1 

I)  _-(k+l). 


*22  ~  33 


„(k) 


(257) 


Vanishing  of  A^fl  for  arbitrary  t33  implies 

.  (k)  -(k- 1 )  ,  A(k)  -<kl) 

A2lCr>3  +A22*33 

.  ^k)+iS(k)  N<k)— £-S(k)  M<k) 

V3  '  2  V0331  afi  *ct033afi 

,  ~<k)  -<k)  , -<k)  -(k) 

+  “21tr>3  +=22*33 

♦  ^MOCV-OC" 

x  ^k+l 

a.  T^k+1)  ^k+l),-r<k+l)  -(k+0  n  D(k) 

+  *21  *>3  +A22  *33  “  0  on  R 

Equation  (230)  represents  the  basic  function  governing  the  behavior  of  laminated 
composites.  Use  of  this  function  is  possible  for  both  nonhomogeneous  and  homogeneous 
problems  along  with  discontinuity  conditions.  This  function  is  completely  general,  in 
the  sense  that  it  admits  v*k)  ,  <fik>  ,  \[k>,  N^J  ,  M(kJ  ,  ,  cr^k)  as  field  variables  and 

there  is  no  requirement  that  admissible  variables  identically  satisfy  any  of  the  field 
equations  or  the  boundary  conditions.  We  note  that  the  function  is  defined  on  a  space 
which  includes  the  set  of  admissible  states  as  a  subset.  The  space  is  defined  by  (242) 
through  (249).  This  directly  represents  an  extension  of  the  space  of  admissible  states 
in  which  the  approximate  solutions  are  often  sought. 
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4.7  Extended  Variational  Principles 

The  functions  in  (230)  must  belong  to  the  domain  of  definition  of  each  of 
A'jJ0  i,  j  =  1,.  .  .  ,  n  .  This  implies  restrictions  of  smoothness  on  the  choices  of  v,  in 
approximate  solution  schemes.  Some  of  these  restrictions  can  be  relaxed  using  extended 
variational  principles  based  on  elimination  of  some  of  the  operators.  These  extensions 
were  first  discussed  by  Prager  [1967],  and  Pian  [19691  Sandhu  [1975,1976]  proposed  a 
general  scheme  for  these  extensions  using  the  self-adjoint  property  of  the  operator 
matrix.  In  the  context  of  the  finite  element  method,  it  is  clear  that  the  extension  of 
the  admissible  space  provides  greater  freedom  in  selection  of  approximating  functions. 
To  apply  these  ideas  to  the  present  problem,  recall: 

.-^k)  vT0t)  v.  _  . vT0O  -<k)  ^ 

<VC  *  ^or^>R<k)  <^loS  ’  V(o,/3)>R(k) 


,(k)  _  -<k) 


— <k) 


+  <K  •  v«  V>+<v  • 

a, 

+  (258) 

Here  [N^5]”*" ,  [v<0k)J”**n  are  the  mean  values  across  the  internal  surface  S[k)  of  the 
quantities  in  the  brackets. 

<$?  •  M1VRC :*,—  <<!  .  C^)>R(k, 


+  <MS  •  V«k)>s(k»+<^k)  • 


aP'e  «-(k> 


where  [M^^r**" ,  [^’T’**"  are  the  mean  values  across  the  internal  surface  Sjk). 

<Mk)  y(k)  >  =_<V(k)  ,  ^k)  > 

3  |j(k/  o  3,o 

^.,(k)  — (k)  .  .  — (k)  .  ,(k)  . 

+  <V»  ’  \V3  >(k)+<V3  *  Vo  >  Ck) 


.r,  r(k>imean  _  ✓— (k)y  ,  .r— tkHmean  /,,(k)y  , 

+  <tvj  .\(v3  )> ^,+  <lV3^  '<va  )\- 
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where  [V^T*" ,  are  the  mean  values  across  the  internal  surface  S|k).  Equations 

(258)  through  (259)  can  be  used  to  eliminate 


1-  lC  « 

2.  MlVj  or 

1  V?i  or 

from  the  general  variational  formulation.  For  example,  using  (258)  the  set  of  admissi¬ 
ble  states  for  is  extended  from  C1  to  C°.  Various  combinations  give  rise  to  distinct 
extended  formulations.  To  illustrate  application  of  the  general  procedure  to  the  analy¬ 
sis  of  laminated  composites  based  on  stress  formulations,  we  shall  only  state  six  exten¬ 
sions  leading  to  some  useful  formulations.  Other  formulations  can  be  constructed  on 
the  lines  indicated  by  Al-Ghothani  [1986]  in  the  context  of  a  unified  approach  to  the 
dynamics  of  bending  and  extension  of  moderately  thick  laminated  composite  plates. 
Elimination  of  from  (230)  gives 


0,(u  ,  <r)-2<?“  .  ,  V">  ,„+2<^1 ,  </»>> 


.<» 


.  iWU  1I  c(,)  .  1  C(D  „(0). 

2<%  *  l2S»^3<r>3,r+7S«P33a33>R(.) 

2.  1  c(,)  «.(0>  J.  6  c(,)  2c(,) 

+  2<M  a  b  ,  •+  — — b  *,,€%_>  +  2<V  .  “-rS  ,  ,(T  ,  >  ... 

ofi  JQ  a/933  >3,>  ^  a/333  33  R<1)  p  5  p3>3  >3  gtl) 


*  2<v*n>  .  V?> 

>  y3  r(n) 


,  T  ^-r(N)  lN„(N)_  ,  t  .r^N)  (N). 

)+2<9y  •  2  ^>3  >R(N)+2<V3  <T33>r(N) 

.  _tN«:(N)  (N)  1  q(N)  (N) 

+  2<Kfi  '  l2'S«@33<ry3.y+  2S<‘P33<r33 


.  1  C(N)  ~(S)  6  C(N)  ~(NK  ■  T^3r(N)  2  C(N)  (N) 

2  -A  ’  WS»^3.>-5^S^33Cr33>R(N)+2<Vp  .-5Sp3>3a>3>R(N) 

+£{<vk).o-T,)>  a>+<?k).  b.. 

w  >  >3  *  2 


-Tk-  1  ^ 


in 


.v(k>  2tkc(k)  „  (>>- 1)  ,  1  c<k>  _  (k-l) 

+  ’  J2  ^“033°y3.y  +  2  ^>033^33  R<k> 


,x.(k)  1  c(k)  -<k-l)  6  Q(k)  -(k-1) 

'  afi  ’  10  “033  >3,y  5t  <*033  33  R(k) 


.,7(k)  2  c(k)  -<k-l).  > 

+  <VP  •  -5S»J>Ja» 


,(k) 


k-l 


-)^M(k)  — (k)  .  4-<"l'/k^  _i_C^  N]<k>> 

2  ’  V(o,^)>k  k)+  o£  ’  t  O0pp  MP  R<k) 

k 


^w(k)  ^k)  ,  1 2  c(k)  \^^k). 

+  <Ma0  ’  -^a,^)+— So.3^pMMP>R(k> 
lk 

. -.r (k)  tt( k)  — <k)  ,  24  p(k)  \/k).  •> 

+  <Vy  ’  ~Vy  -V3.y+5TSp3y3VP 


(  — (k)  -( k ) .  ,  . "T(k)  —"(k).  +^-n<k)  ^ k ) . 

+  £{<Vy  ’  -<r>3  >R(k)+<^  >  ya>3  >R(k)+<V3  *  a33  , 


,(k) 


.w(k)  2tkc(k)  ~(k)  ,  1  p(k)  -<k)> 

<N“0*  "l2"S«e33°V3.y+  2  S“P33a33  >  R<k) 

-x.(k)  1  Q(k)  -(k) _  6  ~<k)  -(k). 

+  <M«0  ’  ~\o  “0331 y*y  5tk  «P33a33  R<k) 


-,,(k>  2c(k)  -(k) .  1 

+  <Vp  •-5Sp3>3<r>3  >R(k)} 


,  <r»f  .  k)  3^k)  1  c^k)  _ JLs^  V(k)> 

+  £{<^>3  >  “v>  +y^>  _-joSa^3M^.>  5bp3y3Vp 

k-l 


.(k) 


.  -(k)  — <k)  -<k)  ,  —<k)  -<k) 

+  <<rp3  ’  C\i<Ty3  +”  12^33  >R<kl 


+  «J 


>3 


■-<*> 

*  y  7  r 


1  c(k*,Wk*1)_  2  C(k'‘1)V(k*,)'> 
jQ^33Moft>  55p3y3Vp  R<k*l> 


^  -(k)  -(k).  1  c(k)  XJ(k)_  6  „(k)  „(k) 

+  <<T33  ’  ~V3  +JSoP33NoP  5t^  S^33Mo0>R<k) 
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+  <<^33  .  -2iay 3  +=22<T33  >Ra> 


^ _ -<k>  r<k+‘>.  1  C(k+1>KT(k+1)j.  ^  c(k+  1).  .(k+  1)„^  » 

+  <<T33  ’  V3  +TS«*33N^  +5r-S^33Ma/B  ><kj 

-6  Jlk+|  K 


N-l 


^k>  Ak)  -«k-l>  .(k)  -(k-0  \ 

'  Tyv22  33  ^(k)7 


,  r  /  -'k)  A(k)  -<k-l)  ,  A (k)_-<k- 1 ) .< 

+  Z*  °V»  ••^Hay3  +^12°33  >  +  <C?:33  ,Jl2l',y3 


k-2 

N-2 


T>Ck*l  J 


+i'«4kl  •  ^;,,<r,l<*,wr,,>, 

k-l 

+  2<{a}^,),[7[fNWN)>R(N) 

+  2<{a}'<,).[Af1){a}<0>>  (1) 


k-l 


S^k) 


5  'S<k) 


t(k) 

^2 


+I«C  *  -^sCk) 

+  <?f> . 

+  <*?’  •  -n.v^-^> 
*  2<<*;  ■ 

♦  <<; . 


,  ^  \/k*  -n  ^k)_->„<k>>>.  1 

+  <V„  •  7>„V3  2E6  >c(kV 


+  <<i4ox; 

+  l(lfe  +  ^Xt^333+t32S^3\^ 
+  [(^  +  3i0Xt^3-t:S33)33>Tl>33U 
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,  f  1  p(2)  j(2)  ,  r _ /  1 _ 1 _ \t3c(2)  2) 

+  l  10  S«033  120  840  ^t2S3333T*>J<r p3.p 


^  u  1  3  v2c<2)  i_  <2)  -  (!) 

24  280  ^2S3333^<T33  2%a  >  s<» 


N-2 


1  1  Oc(k)  ^  0  .  r/  1.3  \^2Q(k) 

- \S3333Vrp3.P  +[(-2J+  280)t^3333’1>]<r33 


+  <<ry3  ’^120  840 '"k“3333 ''V  p3.p  •"  24  280 


k-2 


120  840 


+  [(  — +-^-Xt2  S(k^-t2S<k)  )tj  ]cr\(k) 

v  24  280  k  J  3333  k  3333  'y  33 

r  1  c(k+ 1 )  1»#(k’l),r  /  1  1  V3  C(k4|)*, 

+  10  S«P337Iy ^  120  8402tk+lS333371y^p3.p 

r/  1  3  v2  _(k-l)  i  -(k+1)  ,,  <k).  % 

+  2T  *280  ^tk+l^3333^>  CT33  2%o  >s<k)  ^ 

.  -(N-l)  r 1  1  V3  _(N-1)  •«  -(N-2)  ,  r/ _  1  ,  3  V2  „(N-l)  i_-<N-2) 

+  v°V)  *^120  840  ^N'^3333^0*3*  +  24  +  280^n-‘S3333^33 

,  r  1  C(N-1)  h/N-i) 

+  lioSoP337Jy]MaP 


+  [(_!_+  1  v*3  c-(N-0  ..3c(N) 


-(N-l) 


120  840 


Y  3  -(N-l)  j„(n;  \  Vt~'n' 

AlN-ia3333  't'lNa3333/Vp3,p 


^  r  1  c<n)  ^  tv^n^Jn-!) 

+  k  jq  ^a/333^y^orP  2&a  >s(N1) 


*Z«tu  ■  -V‘.%> 

•I  11 

+  <£> . 

*  <*?  ■  - Hf> 


-(N-l) 
y-^33 


k-l 


;(k) 


+  2<N„0  ’  V  ®  )_g  2  >s<k) 


/— *(k)v  '(k)*, 


-  <<!  ■ 


.(k) 
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+  <vLl>  ■ 
S'  ■ 


+  «J 


+  ,(T5o  +  s5ox,;s'33»+t’s<A)»V<)' 

*  ktt+  2fox,lsS»-'!C,V4,>)' 


120  84o'<iSj3M,>>*<r',J<') 


c<!) 


N-2 


k-2 


+  [(iio+ s»C*«SV^ 
+  l(£+ 


,  r  J_c<k+1)«,  VM(l+,)yj.r_/_J _ 1  v3  V  -(k+l)y 

l  10  S«»P33T*>^M«/I  '  ^120  840^k+lS3333T,>^CrP3*P 

,  u  1  3  v2  c^k+0  y—^k+Oy  ->  '00>^  i 

+  24  280  ‘+1^3333  r^33  ^  <j  >s[k) 

,  ^_-<N-l)  T,  1 _ 1  v3  C(N-I)  y  -<N-2)y 

+  <<r>3  ’  K  120  WO^-*53333  V^-P  ) 

+  l(-l4+ 

♦ 

+  (( T50  ■ f  skXtN  .0«AltC  n>' 
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.  u  1  ,  3  y.2q(n)  -t2  y-(n-Oy 

+  ^  24  +  280  ^t>jS3333  tN-lS3333271y^Cr33  2 

r  1  C(N)  Vx/Nh' 

+  l10  S«#33VM^)  *.  >S<N» 

Clearly,  fi,  is  defined  over  an  extension  of  the  domain  Q  insomuch  as  N^'  need 

only  belong  to  C°  and  not  to  C1.  In  finite  element  procedures  this  relaxation  of 
continuity  [Pian  1969]  is  quite  important  in  allowing  lower  order  interpolations  or 
simpler  approximating  functions  to  be  used.  Elimination  of  from  fl,  gives 

fl2(u  ,  <r)=2<vy  ,  <ry3>R(n+2<^  .  —try3>  ^u+2<x3  ,  o-33>r(j) 

.  C(,)  J0)  1  C(l) 

+  2<N,v0  •  12  ^<*/333°y3,y+  2  ^33^53  >RU) 

~  .w(l)  1  C<>1  ~<0)  6  C<1>  2C(1) 

+  2<M„0  >  iq  S<*/333°y3.y+  5tj  So,p33<T33>R(n  +  2<Vp  *  5  ^p3y3ay3 >  R<l> 


^  T  .-<N)  (N)  . .;r<N)  lN  _(N)  ,  0  ,-KN)  (N) 

+  2<vy  ,  -<r),3>  (n)+2<9„  *  T  >3> r(N>+2<v3  •  ^33  >, 


,<N) 


,  .  .v,(N)  *>J  C(N)  (N)  ,  1  C(N)  (N) 

2<N«0  *  “  12  S“/>33<ry3.y+ J S««3' ^33  >r(n) 

,  ->^w<N)  1  C(N)  «.<N)  6  C(N)  (N)  ,  T  -,,(N)  2  C(N)  (N) 

2  M*f>  ’  loS^33  >3’>~5^S“«3  33  R<N)  2  ^  ’  ~5Sp3>3<ry3>R(N) 


N  r 

,  t  -  — (k)  -<k- 1).  ,^-T<k)  lk  _~<k-  l)_  ,  -  rr<k)  -(k  1) 

+  L{<V>  -°\3  >>)+<**  •  7^3  >R(k)+<V3  ’^33  >R(k) 


k  =  2 


v  Wk>  2tk(k)  _-<k-l)  ,  1  Q(k)  -(k-1) 

+  <N„*>  12  ^a/}33°y3,y  +  2  *033^33  >R0‘) 


,w(k)  2  c(k)  -tk-1) ,  6  c(k)  -<k-lE 

+  <M«@  ’  IQ  a(333°y3,y  +  5t  0/333^33  R(k) 


,  .,,(k)  2  Q(k)  -<k-l)  I 

+  <  V  ,  — — S  ,  -<T  > 

p  5  p3y3  y3  R<kV 


+£«e-v'>  v">, 


,(k) 


k»l 
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T^v(k)  rr00  s. 

'  *  V(c»,/3)>R(k> 


.KI(k)  1  c(k)  M(k) 

+  <N^  •  -^Kfinp^vp*  Rl k) 


•  2<M1»  ■  Cp,-. 

.x4(k)  12  €(k)  ^.(k)  ,  -  v^k)  a(k>  -n<k)-u  24  c(k)  v(k)>  } 

+  <^afi  •  3  ^o^p^mp>r(1‘)+  y  ’  ^y  3-y+  5t  ?3y3  p  R(k)* 


«■»  i  — (k)  -(k).  ,  ^-r(k)  ^k  _"<k) 

+  £{<vy  ’  ~ayi  >R<l‘>+<^y  ’  T°V 3  >r(“)+<V3  ’  ^33  >, 


,(k) 


k- 1 


KI(k)  2tkc<k)  -(k)  ,  1  c(k)  _-(k) 

+  <N“^  ’  irSo^33°->3,>+2S^33ff33  V’ 

^..(k)  2  c(k)  -<k)  6  c(k)  _-<k) 

+  <Mafi  ’  ~iQbafi33<TyXy  $t^\p33°33  R<k) 

+  <v^’ ,  -|s 


,  «■*  f  /r~^  _r^k)  i  ^k  ^  o<k)  ,»(k)  ^ 

+  L{<° y3  •  vy  +T*r  S  > 


,<k) 


k-1 


;  Hk)  _<k)  -<k).  w(k)  -(k) 

+  ^^p3  *  *”11^3  +C  12^33  ^(k) 


._-<k)  ~(k+l)  ,  V*1  ;r(k+l)_2  o<k+0Vjr(k+ 1) 

+  <<ry3  ’  vy  +—' *r  ?W *  i 


,(k+l) 


-{k)  “00  .  ^  yr(k)  6  g(k)  w(k)^ 

+  <<r33  ’  V3  +yS^33N^  Jt  So^33Mo^>rU) 


,Ak)  -«<k)  -<k),  ~<k) _-(k) 
<Cr33  ’  “2 1°V3  +“"22°  33  >R(k) 


^„-<k)  Hk+1)J.  1  C<k+I)w(k+,)J.  6  c-(k+»w<k-U)  \ 

+  <<r33  *  V3  +TS^33N^  +5T“S^33M^  ^Ck-t/ 

^  Jlk+1 


N-l 


,  A(k)_-<k-l).  A(k>  -<k-l)  .  -»»» 

+  L{<<TP3  ’  AII<r>3  +Al2Cr33  >  +  <a33  •  A21(ry3  +*22° 33  R. 


_-(k)  .(kV-ik-l),  *  (k)  -<k- 1) 


>1>(k^ 


k-2 
N-  2 

+  L<«r 

k- 1 


(k)  ^k-D^MO^MD^-fMl) 


‘H  °y3 


2  °33 
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^  -<k)  -r-<k+ 1)  ~<k+ 1)  -r<k*  l)  -(k-»  1)  ■> 

+  <Cr33  ’  A2 1  °\3  +A22  CT33  >rU*.)} 

+  2<{cr}-(U-l)  .  [^nV}<N)>r(N) 

+  2<{<x}(,)  ,  [A/'W0)>  (1) 


.  r  (k)  ~  (k). 

+  L<<Vo  *  _2gl  >5(1 

-I  1 

^-r<k)  ,  (kK 

+  <c  .  -2g3  >, 


(k)  tr(k)  A  Jk)v 

+  <v3  ,  -y\Va  -2gs  >  sa) 


+  2<NS  *  7»Xk)“2<2k)>! 


-  ...(k)  „  2C<k)_«<k)'S. 

+  2<Ma/)  ,  7)^  -g4  > 


.,r(k)  ,»  ^<k)  i„(k)^  \ 

+  <Vo  ,  t)„v3  2g6  >  (k)) 

s« 


.  -O)  U  1  j.  1  Y»3c(,)  j.t3«(2>  V«  W*0 
+  <<Ty3  *  ^  J20  + g40^tlS3333+t2^3333'r}y3<rp3,p 

r ,1.3  y  2C(2)  .2C(1)  v_  i_~(l) 

+  K  24+'280^t2S3333  1 1^3333^^33 

r  /  1  1  V3C<2>  -rt 

+  120  840  2  3333^  p3,p 

r <  1  3  V2C(2)  „  W-<2L7r,(,)^ 

+  24  280  ^t2S3333%^T33  2%<r  >s«) 

Lr  -(k)  r  f  1  1  3..3c(k)  7 _ — (k—  1  )_,_rr _  1  1  3  ~u3c.(k)  _  LT_^k"*^ 

{  <<ry3  *t_<n0  840 ^k^ssVVp  +[(  24  280^kS”33^33 

k-2 

r,  1  ,  1  Y.3c<k)  1  *3  C(k+!K  i-(k) 

+  K"j20  +  840^tkS3333+VlS333327J>^CrpV 

„  1  ,  3  v2  C(k+,)  »2C(k)  W<k) 

+  K  2T  +  ^80^t|t41^3333  tkS3333^71>3<T33 

r,  1  _  1  O  c<k4|)  1  -<k+l) 

+  120  840  '** 1  3333V°p3,p 
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.  U  1  3  \»2  r<k+l)_  \ 

^T7  ?»0  VnS33337V<r33  2£<t  -%<*>  ' 


-  -<n-i)  t  -r  1  1  v3  cW-'Lw^Aif-1  3  y2  c'N-1)  Vr-<N- 

+  <<ry3  •  ^Ton  fi3n)tN-IS3333Vp3.p  +l(  24  +  280  VlS33337V<T 


120  840 


24  280 


3333  'Y  33 


-<N-1) 


+  Kiio+ 


+z«^> .  -j«r> 


<k). 


<.(k) 


k-1 


♦  <*“  ■ 


*  2<N1«  •  V'£>r_s'<‘>>4<> 


+  2<Ml“  • 

+  <V„*>  ,  »„(vj*>)'-28-<6,I>  ,J 

°6i 

+  ■=<»’  ■ 

*  Hi5o-83o)t^»^0' 


.(1) 


N-2 


k-2 


+L<  <</'  •  WlSTBo^’V11'^ 

-  *-ji*£s>8L'>*>’Zat 
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1  +  1  Xt3S(k)  _+t3  .! 

120 

840  k  3333 

k-*  j 

-L+ 

3  c(k+u_ 

■t2S( 

24 

280  A  k+1  3333 

k 

+  ^1J0  840  ^ 

u  1  .  3  v2  c(N  ,)^  Y^'(n-2)Y 

24 +  280^N-jS3333^  33 

t,  1  ,  1  y.3  C(N-D.,3C(N)  v-^n-Oy 
+  ^  J20  +  840^tN‘lS3333+tN^3333^y^tTp3,p 

^  u  1  ,  3  v»2«(N)  _t2  c(N~‘H«  Y/r-(N',)Y-3o'<N"1)b. 

+  K24+'280^tN^3333  >1-1^3333  ^y*®33  2  o  >s<n  » 

The  domain  of  ft2  is  an  extension  of  the  domain  of  £1,  to  include  which 
•€C°  but  may  not  be  continuously  differentiable.  Elimination  of  from  02  gives 

n3(u  ,  <r)=2<Vy  ,ff)J>|(l)+2<?>  ♦  T°V3  R<»+2  3  *tr33>R(l) 

tj  C(,)  J0)  4.  1  C(,)  rr^K 

+  2<No,0  ’  'JJS»a33{r33.>+  2«333Cr33>R<5) 

.  .will  1  p(l)  -J0)  -i  6  (T*0^  4-  2  <rV(1^  _ .2.0^0  fr^0^> 

+  2<Ma(i’  7oS^33  y3'y+5t7S“^33  33>R0)  2<Vp  ’  S*3*3  >3>r(i) 


1rf,-<N)  4.3  tNn-(N)->  4.2C^N)  -<r(N)> 

2<vy  , -o-y3>R(N)+2«^y  .  y^y3>R<N)+2<v3  •  <r33>] 


,(N) 


-.m(N)  *N  C(N)  <N)  ,  1  C(N)  <N> 

+  2<N<*p  •  'j2S^33Cry3>'+  2S°^33<r33  r(n) 


.  5<rM<N)  1  o(N)  (N)  __6_.CN)  (N)  +2<V(n)  -Is(N)  cr<N)> 

+  2<M«p  •  -iOS^33  y3y  5^«^3  33  r(n)  p  ’  5 

N 

(k)  — <k - 1 ) » 

+L{<\ 


,(N) 


>>  ,„+<#>,  a*~"> 


*-2 


2  y3 


120 


,  .KT(k)  2lkc(k)  -<k-l)  ,  1  c(k)  -<k-l>_ 

+  <  ’  12  ^»033°y3,y  +2^33<T33  >R(k) 


2  c(k)  -<k- 1)  ,  6  c(k)  -(k-1). 

+  <M<*0  *  iq  Sa033°\3.y  +  5^  3*  >  R<k) 


.v<k)  2  c(k)  _-(k- 1)  i 

+  <Vp  •  -5Sp3>3°\3  >rJ 


+£«£k).  -v?> 


-  2<n(:;  .  v,)>R(k) 


+  <N(k]  ,  — S <k>  N(k)> 

ofr  ^  QpUP  MP  r(k) 


+  <m'"'  ,  -1^-S11’  M<U>  „ 

<*fi  ^3  o0MP  MP  R(k) 


-  2<V(k>  >  +  <V<k*  — 3<k)+-?— S<k)  V(l 

Z  Vy  ’  ).y  ’  *y  5t  p3>3Vp 

»  t 

‘l^-r^k)  _ ^_~^k) .  ,  ^.;z<k)  ^k  ~(k)  ,  ^r^k) 

*  < V-y  •  “^3  >(*>+<♦,  *  T°\3  >«k>+<V3  ' 


,  ^xr(k)  Zlkc(k)  -<k)  ,  1  _(k)  -(k). 

+  <No0  »  12  S<*033Cry3,y+  2  ^33^33  >„»-> 


,  _  Kjf<k)  2  c(k)  „-<k)  6  c(k)  -(kK 

+  <Me»0  •  IQ  aP33(T>3,y  5^  \p3i&33 


.  .,/k)  2  Q(k)  -(k).  , 

+  <Vp  •  “5  W’Va  >R(k>> 


‘/^--(k)  _(k)  tk^k)  2-(k)  v<k>_ 

,{<°-y3  .  -Vy  +  y^  -jSp3>3Vp  >R(k) 


_ -(k)  ~<k)  -<k)  .  _<k)  -<kh 

+  <<rp3  >  *..^3  +  ~  12^33  >„(k) 


-<k)  — <k*  1)  lk4 1  -r<k'  I)  2  c(k->l)..(k*  I) 

+  <0ry3-Vy  +— ' Vy  ~JSn3y3V  n  >Ra.„ 


_„-<k)  -<K)  ~(k) ,  -(k)  -(k). 

+  <ff33  *  -21^3  +“22<r33  >R<k) 

^  -<k)  -(k-U)  ,  1  c(k*l),.,<k+l)  ,  6  c(k4l),.  .(k+lh  \ 

+  <<r33  *V3  +5r~S^33M<,p  >R(k.l)> 


.  V*  I  »<l>/,'(k-l)XA(kU-(k-|)SX^/r'(l)  A(kU"<k',)J.A(kU“<k',)^  3 

+  L{«rp3  »  Al.<ry3  +A.2<T33  >  +  <<r33  ^21**3  +*22^33  >R(k)} 


-<k)  xU+l) -<k*l)  , -r^k-l)  -<k-i)^ 

+  LU<r>3  *  A11  °\3  +A12  ff33  >R<k... 

k-l 

.  -<k)  -r^k+ 1)  -<k*i)  , xU+l)  -(k+l).  i 

+  <<r33  ’^21  *>3  +A22  CT33  >K<k..»l 

+  2<{cr}^N  ()  ,  [Kf" WN)>r(n) 

+  2<{cr}<0  ,  [a/‘W0)>  ,n 


k-l  1 

+  <^lk) .  -22<3)>s(k, 


_-(k)  -  (k)^ 

+  <v3  .  -2g5  >s(k) 


-,^x,(k)  -(k)  (k). 

+  2<N^  '  V.  _g2  >  elk) 


^  ->^XA(k>  ^  3<k)_  <k)^ 

+  2<Mafl  ,  7)^o  g4  >^k) 


♦2<V^^^>J 


_ I)  t,  1  ,  1  v»3c(,)  -l»3c(2)  V.  W*0 

+  <0\-3  ’  ^  J20  +  840  ^tlS3333  +  t2S3333^y^rp3rf> 


u  1  ,  3  y.V2)  ,2c(i)  3-,  ■u."(l) 

+  K  24  +  2g0^t2Sj333  tl^3333^y^tr33 
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.1/1  1  \-3c(2) 

+  '  120  840  ^t2S3333TJ>^7p3.p 

.  U  1  _  3  v2J2)  Vr"<2,_'>„(,)'* 

' 24  280 ^Sj333V33  28ct  >5(1) 


,Pi  -  -(k)  r  /  1  1  v3c(k)  _  v_-(k-l) ,  r/-  1,3  v2c(k)  i_~3k-  1) 

+  <<ry3  *  ^  120  840  ^tkS33337^y^rp3,p  +K  24  +  280  )tkS3333T»Vtr33 


iy  1  .  1  Y*3c^  c(k+,)V«  1— 

+  kk  120  +  840  XtkS3333+tk+lS3333'TM°p3,p 

.  U  1  ,  3  yt2  c(k<l)  2c(k)  v  i_-(k) 

[(  24  280X  k+>S3333-tkS3333>r,y)<r33 

r  /  1  1  v.3  c(k*l)  i_'(k-*l) 

120  840  k+1  iSSS^y^^p 


,  r/  1  3  y.2  c(k+l)  T— ~*k40  -»  (kh  \ 

(24  280^k4,S333A^33  28a>s(k)^ 


,  -  -<N-l)  ,,  1  1  v3  C(N-1)  ,  -<N-2),r/  1  ,  3  v2  C(N-1)  -<N-2) 

<<r»3  '  ~ ^  120  840  *^3333^y^p34>  24  +  280 


A  rr  l  .  1  v.3  c(N-i),t3c(N)  n  ,  -om-i) 

*'  120  +  840  XlN-lS3333+tNS3333^r,y^tTp3.p 

,  rr  l  .  3  y»2c(N)  -t2  c(n-‘>v, 

+  ^  24  +  280  XtN^3333  tN-lS3333^7}y3tr33  28w  >S(N-1) 


+z«^.-2gr> 


♦  <c  •  -*?>& 


*  2<n“"  , 

*  km1”  .  vO'V“>4„ 

*  kv‘”. 


,  —  ( I )  f/'  1  ^  1  V.3C(I)  i.3c(2)  \  y  -(l)y 

<  y3  ’  120  +  840  XtlS3333+t2S3333^y^<Tp3,p^ 
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.  U  1  j.  3  v  2C<2)  2c(  I)  S  Y  -<l)v 

24  +  280  ^*2^3333  t1^3333^r*>^<733  ^ 

+Z<  <<“ -WT5o- 830^3 AKt°)' 

+  Hf+ 

*  l(lfe+WXt>Sl»»+,-S«>v*^> 
+  [<£+ 2§o: 


N-2 


k-2 


+  K-fio- 850^.0^^")' 

,  ^_"(N-l)  r _ (  1  1  y3  C(N- 1)  y  -0l-2)y 

+  <<r>3  *KT20-840)tN-iS33337J>Xcr^  0 

,  t( 1 i.  3  y2  c*N~0  V_-<N-2)y 

+  [(  24  +  280)tN-,S3333  VO-33  ) 

x  U  1  4-  1  Yt3  c<N-*>.  t3o<N>  -(N-I)v 

120  +  840  XtN- ,S3333  +tNS3333^yJ(Crp3,p  ’ 


[(  — +  — 
24  280 


Xt2S(N)  -t2  S(N' 

A  N°3333  Sj-I03333 


33 


C(N-1) 


(261) 


The  domain  of  definition  of  ft3  is  an  extension  of  the  domain  of  02  insomuch  as  V*ak) 
€C*  and  not  necessarily  €C‘ . 

Alternatively,  extended  formulations  which  do  not  contain  the  derivatives  of 
kinematic  variables  v*0k>  ,  $Lk>  ,  and  v^k>  can  be  obtained.  Elimination  of  v^,  f rom 
(230)  gives: 
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,  .-(I)  <o)  ,,,1(1)  li  (0).  ,  t  .-O)  (o> 

J((u  ,  cr)  2  <V^  •  Cry3>R<l)+2  <9y  »  '2'<7>3>r(1)+2<V3  ■<T33>r<1> 

+  2<  otf  ’  J2  ^33try3,y+  2  ^33t733>R<» 


,  -y^x/1*  1  C(,)  X  ^  c(l)  (0).  ,  ~  ..,7(l)  2  c(l)  (OK 

+  2<Nf^  ,  ^5^33^3^+ 5t^  So^33C733>Ra)  +  2<Vp  ,  5Sp3r3CT>3>R(i) 


X  ->^N)  lN  (N)  ,0  ,--<N)  (N). 

+  2<vy  .  -o->3>r(n)+2<^v  .  yO-v3>R(N)+2<v3  ,-o-33>r(n) 

X  1^V(N)  _lNc<N)  _(N)  .  1  C(N)  (N)_ 

+  2<^a0  ’  J2  ^33<r>3,>+  2  ^of33a33  >  RtN> 

,  ->^X1(N)  1  C<N)  _(N)  6  „(N)  (N).  2  C(N)  (N) 

+  2<M«p  •  ^0SaP33<ry3.y“5rS^33£r33>RtN)+2<Vp  *  ~j' Sp3y3ay3  >r(n. 

N 

N  t 

+  L{<Vy  *°y3  V)+<*y  *  Tay3  >R(X)+<V3  *^33  >*(0 

k-2  ~ 

x  ^\T(k)  *k  c<k)  1  <.(k)  -(k-1) 

+  <N«/J  ’  1 2  S^33°y3,y  +  2  ^<*033^33  >RCk) 

X  ^X4(k)  1  C(k)  _~<k-l),  6  c(k)  -4k-lK 

*  ToS«^33  y3y  +  s^s««3cr33  >R(k) 

v(k)  2  „(k)  -(k- 1)  , 

+  <Vp  ,-^Sp3yi<ry3  >*J 

+  y(2<v<k)  ,  N(k>  >  u)+<?(k),  M(k>  -V(k)>  (k)+<vk)  ,  V(k)>  , 

S-+t  a  a p,p  r  a  ap,0  o  3  a,c*  plk) 

k-1 

+  <N(k!  ,  —  S(k?  N(k)>  ... 

afi  j  a 0pp  up  R(k) 

x  <-M(k)  _JX<k)  .12  -(It)  ^kk  ..,,(k)  _T<k)  -(k),  24  c(k)  ,,(k>  , 

+  <Ma/i  *  -^(a,fl)+-TSa^pM;p>RCk)+<Vy  •  ~Vy  ~V  3.y+ ^~S  p^nu^  p  >R(k)> 

lk  k 

N-‘ 

.r/.rfli)  __-<k)  x^^k)  lk„-<k>-  ,  .-<k) _ -<kL 

+  2-r3  v>  ’  °>3  >R<k)+<^jam»  •  2  °*3  >  R<k>+  <  V3  •  (T33>R(k) 


X  ^W(k)  _  lk  c(k)  -<k)^ 

<N»0  ’  J2  ^ofi33Cry3.y+  2  ^0.033^33  >R(k> 
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..,<k)  1  C<k)  rr^-  6  C(k)  n-'(k)^> 

ot&  ’  JQ  a/333  y3.y  5^  a^33  33  jjtk) 


+  <V<ll)  ,  — | S<3v3°'v3k)>  (J 

p  5  p3y3  y3  R<ky 


,  r*  r  .  -W  rOO.  *k  jrfO.^koto  ^  c*k^  M*k^  — — S*k^  V*k^> 

<(7y3  *  v>  +  2  ^y  \2  “033"  <*/*•>  io  a&33  °P'y  5  p3>3  p  R<k) 


.  -<k)  ^k)  -<k) ,  _(k)  -<k) 

+  <trp3  *  Sllffy3  +-I2cr33  >R<k> 


1  <.(k-a)M'k^)_2_c(k*l)v(k»l)> 

|()  <»/)33  a^.y  5  p3y3  p 

-  (k)  — (k)  .  1  —<k)  «.,(k)  6  c(k)  \j(k)*^ 

+  <(r33  ’  V3  +YSap33Na^  5^Sa033Mo0 >  „<k) 


^  -<k)  _^k)  -(k)  _/k)  -<k) 

+  <<r33  *  -2.^3  +*22*33  >R<k) 


.xo  -(k*D,  i  „(k*oK(k+i) .  _6  ^(k+nM(k+i)  y 

+  <Cr33  ’  V3  +2S«033N«/I  +5T~S^33M«.fl 


.X*!  ^  -<k>  .<k)„-<k-l),  A<k)  -<k-l)  A(kW"(k~,)+A(k)tr“<k'"1)>  I 

+  £<<°p3  •  A1  I*y3  +Ai2*33  >"<*33  *  A21*y3  +A22*33  > jfrf 

k-2  . 

N-2 

*<k>  TH^O^-^n.-rU-l)  -<k+i) 

+  Z{<ffy3  ’  All  *y3  +A12  *33  >r^1» 

k-i 

♦  <<c  •  *r<r’^r  v>-> 

+  2<(<r)l,,,[Af'V)"”> 


+£U<^\ 

k-l  1 

^-r<k)  „  %  »(k)  -  (k) 

+  <?o  *  >s(k 
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— (k)  .  r(k)  -  (k) 

+  <V3  '-V.  -2Es  > 


3 


.»  .M<k)  Jk)v. 

2<No,*g2  >s(k) 


-w(k)  -r<k)  -  (k) 

+  <MO0  *  2E4  >$(k) 

+  <^a  '  2g6  >  (k)) 


l-  '■'  -  r(  1)  I  r  1  C(1) 

12  ^0,033  1 V*  ^A^O  0033  'V"'^ 


,  ^_”0)  f  C1  q(1)  Txt(1)  .  f  1  c(l)  l\i|(l) 


r^2) 

p3,p 


re  1  ,  1  Yt3c^  i.3q(2)  \_  v_-U) 

120  +  840  kt|S3U3+l2S3JJ3^IJ>krp3.p 

-  l'^+2ioX'%>=-'X,3>KM^3^ 

+I<  •  w15o-So^U^,l+t<-^+ 

'  2 

+  i-^CaO1  tIo + so  avi  vc 

" [<  27 + Bo  x‘-  ‘‘^C’kK.V ' ' 

.  r  l  c<kt<)„  iK/t(k+,)4.r_y  1  1  v3  c(k+l)„  •u.-<k*,) 

10  o033^y  <*P  120  840  k+1 

,  If  1 _ „(k-*l)  -i  -(k+l)  T  _(k)  -  1 

24  280  ^k+*S33337)y^Cr33  ^ 


N-2 


k-2 


^  ^  -<N- 1)  re  1 _ 1  v3  C(N-1)  w-<n-2)  r,  1  ,  3  V2  C(N_,)-  w<n-2) 

>3  •  "^120  840)1n-,S3333^>^p3-p  24  +280^N'S3333n>^33 


24  280 


,  r  VlcfN-l)  UN-I)j  1  ~(N- 1)  -k/N  1) 

t"-T2_S“0337,>lN^  +[-ioS^33T?>]M«P 
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r/  1  ,  1  Y.3  c(N-1K  3c(N)  *  i  -(N-  i) 

+  K - + - At.,  Jcr 

120  840  N_l  3333  N  3333  >  p3-p 

u  1  .  3  Y.2c(N>  .2  c(N-lK  ,  -<N-l),r  lN  C(N>  k,(N) 

+  [(  24  +  280XtNS3333_tN->S3333>7,v]CT33  +[72So^3VoP 

+£<2<?k).  -VnJK’>^ 

k- i  *’ 

+  <C  •  -VMS)'-28'I,‘>> 


♦  <^,.-vvr)--2gr>1„ 


-  ^K,(k)  -(k) 

-  2<No0  •  82  V 

+  <MS  *  4k>>  sCf) 

+  <vlk) ,  V0(^k>)'~2g'(bk)>  J 
♦  <<  • 


,  r/  1  .  1  Y»3C(,)  j..3C(2)  V_“<*h' 

+  ^120  +  840Xt*^3333+t2^3333^>XOp3,p' 


+  [( +  2I0  Xt"s-33-t  *S3333^1(-I(3I>)'  +tT|-s(£i>33-n>XNSr 


+£<  <<  • 


+  ■* 
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+  t(if+2io 

f/-  1  3  2  c(k+l)  v  -<k+lK.  ~  /(k).  \ 

24  280*k+,S3333^>*  33  22<t>s(w)^ 

-(N-l)  X,  1  1  v3  „(N-I)  y  -<N-2)Y 

<ay3  ’^120  84(J  N'^3333^  ^ 

.  r/-  1  .  3  v2  C(N-1)  y  -<N-2)y 

24  +  280^N  ,S3333^  33 
.  r  Vi  C(N-1)  y^N-lK.^  1  C(N-D  Vw(N-1)y 

l  -ITs^33V%  j+iios^33VM^  } 

+  i(-i5o+ ■“>• 

+  1(if+^x«,u-<i-.C)V4N',>>^[^C3^0 

The  domain  of  J,  is  an  extension  of  the  domain  of  ft  requiring  v^GC0  and  not 
necessarily  €C' .  Elimination  from  J,  gives: 

J>  ,  <r)=2<^,)  ,  o-'y°3)>R(1)+2<?<;) ,  ^0-(>°3)>r(1)+2<^1)  , 

x  tj  C(l)  /r(0)  4.1C(,) 

2 •*  ’  "i2s^33  >j->  is^33  33  r(,) 

,  ,-wd)  1  c(l)  „<0)  .  6  c(l)  (0).  ^  ~  .,,(1)  2  c(l)  (0). 

+  2<Ma0  ’  !0  ^33<r>3->+ 5t,  S"^33(T33>R<,)  +  2<VP  ’  5Sp3y3<ry3>R(l) 

x  _rr(N)>»  ,Txl(N)  lN  <N)  .y^N)  (N) 

+  2<vy  .-o->3>  +2<^y  <T>3>  }+2<V3  ,  -o-33  >  (N) 
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L  lN  C(N)  (N)  ,  1  — (N)  (N) 

2  ’“T2S°^3  >3->  2S“^33  33  R(N> 

-  .X.(N)  1  cW)  ~<N>  6  c(N)  „<N).  2C(N)  „<N>^ 

+  2<Ma0  •  ^oKfi33<ry3.y-J^Km<T33  >R(N)+2<Vp  *  -JSP3y3Cy3  >r(n) 


N  t 

,<C'/^n<k)  „-<k-l)^  lk_-<k-lK  ,^k)  _-(k-l) 

+  L{<v>  *^>3  ><k)+<*y  *  Ta>3  >R(k)+<V3  -*33  >, 


(k) 


k-2 


,XT(k)  \  c(k)  -(k-1)  ,  1  c(k)  -(k-1)- 

<N^  ’  72S“*33  >3->  +  2S^33  33  1 


<k)  1  ~<k)  -<k-l).  6  c(k)  _-(k-l) 


,(k> 


+  <  M'  '  ,  -1-S 


S'*/  ^ 

-s 


'*»  f  JO  a/533v  >3,y  5t  ~or/B33w33 


^,7(k)  2c(k)  -(k-1).  i 

+  <v-  .  >,J 


„(k) 


5  p3y3  >3  RC 

+£(2<v"  ,  N“,>,ll+2<t' .  M“,>  .„,+  <£>.  -V?»>  -)+<vJ> .  V„> 


,(k) 


k-1 


+  <N*k*  — S<k^  N*k)> 

+  ♦  5«0pp  pp  R<k) 

k 

-x.<k)  12  c(k)  Xj|(k)-  ..-.A)  _J<k>  H<k).  24  c<k)  ,/k).  i 

+  <M«*  -  -TS^pMpp>R(k)+<V;  •  ~$y  ~V3.>+ 5TSP3>3VP  >R(k)> 
lk  k 


N-l  t 

,  (k)  _  -<k)_  ,  - -r(k)  lk  _~(k)  ,  -rA)  _  “(k) 

+  £{<vy  »  ~<Ty3  >R(k)+<^y  •  y*>3  >R(k)+<V3 

k-1 


,(k) 


L  ^w(k)  _lkc(k)  -<k)  ,  l~(k)  _-<k) 

+  <^<»p  ’  J2  ^«033°y3,y+  2  «P33<r33  >R(k) 

^.w<k)  1  c(k)  -<k)  6  c(k)  Mk). 

+  <Motf  ’  jo  °P33ay3.y  5^  a/333*33  Rfk> 

,  --.A)  2  c(k)  ~(k)  1 

+  <%  -  - jSpSvs^vs  >R(k)> 

,  ^  r  .  ”(k)  r“(k).  ^k"r(k.)  .  |k  p(k)  u(k)  ^  ^(k)  w(k)  2  «(k) 

+  L{<try3  1  “Vy  +Y5>  +T2  S^33  “^~l0S^33  “^  5S^r3VP  >, 

k-1 

-A)  »A)  -(k)  ,  .A)  -A) 

+  <*p3  *  Cll<ry3  +C12*33  >„(« 


,(k) 
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^_-<k)  -^k+l).  lk+l  a<k+l)  lk+l  c(k-.l)w(k+l) 

+  <<T>3  *Vy  +— *y  -j2"S^33N^.> 


1  „(k+l)-.(k+l)_2  ^k+lWk-U). 

10  a^33Mo,A>  5Sp3y3Vp 


,<k+l) 


.,_-(k)  — (k)  .  1  c(k)  ..(k)  6  c(k)  »  »(k) 

+  <<r!»  •  — Vi  +tS  «,,N  — — S  a>  ... 

33  3  2  °P33  o tp  ^  or/333  o/p  j^OO 


J  ^ —“(k)  ~<k)_-<k),  Uk)  -(k). 

+  <0-33  ,  &n<Ty 3  +C22CT33  >r(1i) 


.  ^_-(k)  -<k+l)  1  c(k+l)M(k+l)  ,  6  c(k+l).  .(k+l).  \ 

+  <or„  .  V,  t— S  ni1N  .  +- - S 

33  3  J  op33  op  op33  o/i  B<k4]r 

“^k+l  * 


N-l 


-<k)  A  (Ic)  (k-1) 

—  1  *  (T 

22  33 


.^(..-Ik)  A(kU'lk'l)i.*(kL'(k'l\x^„'<k)  A(k)  ~(k~  I  /  .  .  I 

+  L{<<TP3  *^>3  +AI2°M  >  +  <CT33  ■  A2iay3  +A 

k-2 

+i«C  •  c\t'’+*:;vr‘>R,..., 

k-l 

+  «4u . 


+  2<{<r}_(N_1)  ,  RfN>{cr}<N)> 


,(N) 


2<{cr}(,) ,  [A]tl){cr}<0)> 


">KJ 


,o) 


+£<2<^-vW> 


(k)  <k). 


-<k) 


k-l 


.)  .,-j^k)  »«(k)  (k) 

+  2<0a  ,  -g3  > 


c(k) 


+  <^k>  -t,  V(k)-2e(k)> 

V3  *  7>oVo  Z&5  $00 


A^M(k)  (k). 
2<No0  ’  82  >^k) 

7  ^  w^k)  (k) . 

2<Mo/3  ,  g4  >  (k) 


t  ^,,(k)  _  -<k)  -  (k).  , 

+  <Vo  ’  7>oV3  ~286  >  J 
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.  -(I)  r  l|  c(l)  _  VjU)  1  r(D  _  -Iwd) 

+  <<Ty3  •  j2  ^3s11>^0^+  10  S“@3371>^,°^ 


ff  1  ,  1  Y»3C**^  _l,3C<2>  V»  Vr~0 

+  ^120  +  840  ^tlS3333+t2S3333^y*<rp3>i 


,~(0 

pyp 


,  r/  1  ,  3  y.2c(2)  *2c(i>  '2  wz; 

+  K  24  +  jgo  ^l2S3333  tlS3333^y3Cr33  +*-  J2  Sa0337V!<>r0 


.<D^I  l2  c<2)  _  Tm<2) 


\t  1  3  \,2A.2)  _  Vr-^2) _ «»  ( 1 ) 

(24  280  ^2S3333^33  22<t  >5(1) 


r-<2) 

p3.p 


N-2 


k-2 


(k-1) 


,  r  *k  c(k)  _  'KiW.iJ  ^  1  .  ^  Y»3C^k*  4-t3  c'k+1^Vn  Vr~^ 

+  t  J2  S«0331VN«*+‘  JO  S«0331VM<tf+kk  i20  +  840  ^TkS3333+tk4 lS3333'V°p3.p 
t  [/  1  ,  3  v.2  c(k+l)_t2c(k)  s  T_-<k)  f  Vm  c(k-*l)  ^k-l) 

+  ^  24  +  280  *lk+lS3333  tkS3333^T)y3Cr33  +'  12 
r  1  c<k+l)  •h,*(k+ 1)  ,  r_/  1 _ l\*3  C*k+1^»i 

+  k‘ioS«0331VM®0  +  ~^  120  840^k+‘S3333^^Jp3-p 

.  U  1  _  3  V2  Q(k+,)«  Vr~<k+,)_'>«,<k)'>  1 

(24  280^k+,S3333^33  2g" 

_-(N-l)  r  /  1  1  V3  C(N-5L  W-<N-2),r,  1  .  3_v2  „<N -I)  n  -<N-2) 

+  <<r>3  840)tN-lS33337>y1<Tp3.p  +K  24  +  280  ^N  ^3333^33 

f  VUN-I)  v(N-l)  r  1  ~<N-1)  v,(N-l) 

+  +'-TKsafmr'yM 


U  1  x  1  Yt3  c<N-»,t3„(N)  X  i_-1N- 

+  ^  120  +  840  **-1^3333  +tN^3333^yCrp3rf> 

,  f/  1  i  3  Yt2«(N)  _t2  C(N-‘>V„  T^-tN-D^f  *N  c<N)  vIN) 
+  ^  24  +  280  ^^3333  ^-1^3333 ^>^33  +  12  S«0331VNor0 


or/3 

-<N-») 


N) 


t^CvC-* 


(N-l). 

<7  'j(N-l) 


+Z{2<\  ■  -vO’-*?,>. 


•<k) 


k-1 
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73 '  «r 

<kk 


c(k) 


+  ,  -VVa  )'-2g  s  >s(k) 

-  2<Nik; ,  g'(2k)> 


-  2<M 2  .  g'<k)> 


+  <V1  .  Vv3k))'-2g'lk)>sJ 

+  <<3°  • 


+  [<ir  ^*IO>3,^-:C> 


N-2 


24  280 


s<° 


+Z«  <<‘'  •  “iir 

+  l<-^+^^C3V<ri‘ "r 


k-2 


,  1  J.  1  y,3c(k)  ,  3  c(k-uK  Yrr^h' 

^  120  +  840  ^tk^3333+tk+1^3333'^y^<rp3y 


1  1  v3 
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u  1  3  \*2  pOc+l)  V_-<k+1>V  \ 

+  ((  24  ~  280)t^*S33337)>X£r33  >  -2g  *  >^3  > 

^.—JN-l)  f  /  1  _  1  v3  C(N-|)  Yrr'^N~2V 

<try3  *l~(120  840^N-lS3333VtrP3.P  * 

+  ”  24  +  280  ^N-1^3333^r  ^33  ' 

.  r  Vlc(N-J)  Yw<N*‘h'jJ  1  «<”-»>„  YM(N_,)Y 
+  1-— S^33T)yJ(N^  ^ +l^-S^337)>J(Mop  J 

,  f/-  1  i  1  y.3  C(N-1),  3C(N)  \  v  -(N-lK< 

+  K  120  +  840  ^lN- 1^3333  +tN^3333^I>^<Tp3rf>  ^ 

♦  [^C.’OaO-xr'V 

The  domain  of  definition  of  J,  is  an  extension  of  the  domain  of  J,  to  admit 
^,k)€C*  instead  of  requiring  ^k)€C’ .  Elimination  of  from  J,  gives: 

J,(u  .  <r)-2<v<“  ,  a“1>i|ll)+2<?l>'1  ,  yff<°1>>|i„,+2<v  ”  . 

,  1i  c<D  Jo)  ,  1 5(i)  _<o) 

+  2<N«/J  ’  12  Sa/S33<r>3.>+  2  S«/333<r33>RU) 

.  1  C(D  (o)  ,  6  C(1)  (0).  ^  2  C(D  (o). 

|Q  <»033  >3,>  <*£33  33  jjvl)  p  j  p3y3  >3  jj(l) 

,  O^N)  __(N)_  -  .-r<N)  lN  (N)  ,  .-<N)  (N) 

+  2<Vy  >  ~ ^^3  >R(N)+2  <9y  .  2  ^>3  >R(N)+2  <VJ  t  ^33 


2.  ->^kJ<N)  *N  c(N)  (N)  1c(N)  (N) 

+  2<Kp  ’  “72  1 S^33Cry3,>+  21 S«M3°J3  >r<N) 

2.  i  ^XJN>  1  c<N)  ,JN)  6  C(N)  (N)  ,  -  -,/N)  2  C(N)  (N). 

+  2  <Mo0  •  jQSapi3<Tyi,y—^Sapn<T23  >R(N)+2<Vp  •  “jSpS^yS  >r(n) 

N  t 

+  L{<v>  -^>3  >U)+<*>  ’T°>3  >R(k)+<V3  *^33  >RC^ 
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,  -»j(k)  *k  Q(k)  -Oc-*)  I  <,(k)  _“<k-l) 

+  <  op  *  j2  «P33Cryi.y  +  2  >Ru) 

-v#(k)  1  c(k)  — <k- 1) »  6  c(k)  -<k-D- 

+  <MoP  ’  jQSoP33<ry3,y  *  jt  5op33a33  RCk) 

+  <V*k>  ,  --S(k>  -'<k'l) 


P  ’  5  ^3^3 


^  -  '>  (k)> 


+£u<^’  •  lC>,lu+2<?J> .  *C>  „,+<*?.  •  O, 


,(k) 


k-1 


+  <N*k*  _2_c^  V*k*> 

<*P  *  «PpP  MP  U^k) 


^  ...<k)  12  c(k)  „<k)  ..v(k)  _jr<k)  24  <,(k)  v<k)  , 

+  <Mop  •  -TSoPMPM^>R(k)+<Vy  -  ~*y  +5TSP3>3VP  >  R(k>» 
lk  k 

.  V,  .-^k)  _-(k)_  ..-T<k)  \  _-<k)  .  .-(k)  _-<k) 

■*"^‘<Vy  •  ““O^yS  >R00+<Vy  •  "y^ya  >R(k>+<V3  *  "^33  *%(« 
k-J 

,  ^M<k)  \  „(k)  -<k)  l-(k)  _-(k) 

+  <  op  •  jj  S"^33<r>3>»+ 2  S“^33<r33  >R°° 

,vl(k)  1  _<k)  -<k) _  6  c(k)  _-<k) 

afi  ’  10  “fl33  St^S»»3°M  ^„U) 

.  ^v<k)  2«j<k)  _-(k)  » 

+  <Vp  •  _5Sp3y3<r>3 
N- 1  t  r 

-<k>  r<k).lk2(k),  Jk)  U<k>  1  c(k)  w<k)  _  2  c(k)  ,.<k) 

+  L{<<r  y3  *  ~ Vy  +T^r  +^2  S^33“ft>"'io  S^3^  >. 

k-l 

,  ^_-<k)  —<k)  -<k) .  «^k)  -<k) . 

+  <<7P3  ‘^ilO-ya  +*12*33  >B(k) 

t  ^  -go  — <k-i) .  Via<k*i)  ViJkiiUk+i) 

+  <*>3  *Vy  +—^y  * i2’SoP33NoP.y 

1  -(k+O^k+l)  2«<k+l)v<k*i) 

'  10a«P33Mop,y~5ap3y3Vp  ^g^l) 


^  -(k)  w(k)  -<k)  ~<k)  -<k) 

+  <<T33  *  *21*y3  +“'22*33  >g(k) 


,(k) 
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^_-<k)  ^1),  UwUNL  6  c(k+l)w(k-U)^  \ 

+  <*33  ’  V3  +7S^33Na^  +5T~S^33M^  >  R<k4l)> 


■  r/.^k)  » (k)  ~(k-l)  ,  » (k)  -(k-1)  ^  i  ^  ~(k)  A<kW"(k‘,)+A(kW"<k_,)^  ) 

+  £{<*p3  •  A|  1^>3  +A12*33  >  +  <*33  *  A2I*>3  +A22*33  ^(k)* 


,  T-*  -< k)  -r(k+l) -(k+1)  ,-x<k+l)  -<k+l)^ 

+  L{<*>3  '  *11  *y3  +A12  *33  >^*l) 

k-1 

+  <<^4+,wr,)<+vr,)>R(kj 

+  2<{<r}^N  11 ,  rafNW}<N)> 


+  2<{<r}(,)  ,  [A]°W0): 


iDl^  _  M(k) _ (k) . 

+  Z/2<Vo.  ’  ^N«P~ *1  >rfk> 

k-1  ^ 

4  *<*?’ . 

-  XfC  • 

-  2<<S  •  tT>^ 

■  2<V“  .  g'%,1 


+  «r 


,“(l)  r  ^1  gO)  ^  1  <n  K#(,) 

’  (_T2S»«3V%+l7oS“*33V% 


,  1  ,  1  Y*3c<0  j.»3c(2)  x  i_-(l) 

+  ^  no  +  840  *t«S3333+t2S3333AV*p3,p 


U  1  ,  3  Yt2«<2)  _t2C(,)  \n  L-^O-lT  *2  c<2)  _  Kj<2) 

K  24  +  280  ^t2^3333  t‘^3333^>2<r33  ^  12 


4  t^S<"JJt,X;4l-<T5o-84o)>!s",>,.’',l<r.W 
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24  280  2  3133  '>  33  K«  s<*> 


,  ^  I  _ _-(k)  r/  1__  l  \3((l)  _  T_-<k-I)  ,r,  *  j.  3  y2g<fc)  _  T_-<k-l) 

+  £{  <cr>3  ’^120  840 ^lkS333s11>^Tp3.p  +l(  24  +  280  )lkS3333^33 

k-2 

+  !-^C3^Xk^l5C^X^[(135+^x,-SJ»>+,^S3V>r^P« 

K  5*  +  2foXt^  ’’ 

r  1  c(k+l)  •u.(k+l),r /  1  1  v3  c^O-ri  Vr_*k+0 

+  ^10Sa@33VM^  ^  120  840  *k  «  I^SSS^y^pS.p 

x  1  3  \^2  c(k+l)  Vr^k+0  ,*  (k)^  \ 

+  [( 24-280)V'S333A]cr33  *°  s(k>  } 

*(N-I)  r/  1  1  v3  C(N-I)  i-<N-2),fr  1  ,3.2  C(N  1)  T.-(N  2 

+  <o-y3  1  ^no  840^tN-‘S3333T)>J<rp3.p  +K  24  +  280^N  *S3333^>^33 

.  r  lN-l  C<N1L  k/N-DjT  1  c<N-l)_  Iw(N-l) 

[—iTs°wV«e  ■Kios^33r)yJM^ 

K  J2Q  +  g40  *VlS3333+tNS333327V°p3.p 

.  U  1  ,  3  Yt2c(N)  2  c(N~lK  1  -<N'l) ,  r  V  „(N)  ^N) 

[  24  +  280  XNS3333_tN-  1S333307>y1(733 

4.  r  1  C(N)  -n 

+  10  ^  >S<N‘,> 


^(2<^\-VNlk)'V1k,>sc. 

k-J  5,1 

4 


+  <<“  •  i-ijC 
* 

+  R5TS»),5«»V'J.,,>r-J*<“V 

k-2 

r  J_c<“+I)  Y\4<k+1)V+r-^_L_ _ L_>r3  S*k+1^r»  Ktr  ^k41 

+  IjoS.^33VM^  K  120  840  *+ *3333TV^ap3,p 

.  u  1  3  vl  c*k+0_  V„“<k+,h'_' i0'*kls  \ 

*  l(  24 - mo VAjjjV' >  28  «  >s<»  ’ 

^  -<N-I)  we  1  1  V3  C(N',).«  r„-<N-Jh' 

+  <ff>3  ,l-(T20  840^-'S3333V  ^  } 

,  iy  1  ,  3  V2  C*N~l3-n  Y#T^N-*h' 

[(  24  280^|S»33 V  51  ° 

r  Vlc^^L  YKI<N'l)y  ,  r  1  C(N",)-n  YM*N'l3Y 

+  l'-TTs^33ir,>XN^  )+[w*°^yl 


,  r/  1  ,  1  y.3  c<n  0,.3c(N)  x  y^-W-Dy 

+  — +  — — At.,  , S,,,,  -FtK1S,,-,)T)  Icr  .  ) 

120  840  N_1  3333  N  3333  V  pV 

+  [<  27+ 2I0 


The  domain  of  definition  of  J3  is  an  extension  of  the  domain  of  J2  to  which 

r^k)c/-.i 


v^’eC0  instead  of  V^'CC 


4.7.1  Some  Specializations 

Forcing  some  of  the  field  equations  and/or  boundary  conditions  to  be  satisfied 
identically,  the  number  of  field  variables  is  reduced  and  some  interesting  specializations 
of  the  extended  variational  principles  are  realized.  Combining  (184),  for  layers  k=l  to 
N-l;  each  of  (187)  and  (189),  for  layers  k=2  to  N-l  and  (188)  and  (190),  for  layers 
k-1  to  N-2,  the  following  self-adjointness  relationships  arise. 


N-l 


N-l 


-tk)  — <k)  -tk)  _  -(k)  _Uk) 

<<ry3  ’"12^33  >RU)-L<<r33  *  e2ia>3  >>) 


k-1 


k-1 


N-l 


,  .  -(k)  (  J  j_  1  Vr/k)  *2  p(k+l)  2  1  _-<k) . 

+  2-<£rp3  ’  '280  +  24^Sj333tk  S3333tk+tJ7Jp<r33  >^fk> 
k-1 

N-l 

T—  r  (  -<k)  /  3  ,  1  Yc(k)  2  „(k+l)  2  i  -UN*  .o(k) 

+  LJ  <°p3  (280  +  24  )lS3333tk-S3333VlV33  )dS, 

k-1  S' 

N-l  N-l 

Z- _-<k-l)  -r<k)_-(k).  _  r<  ^  -<k)  .  (k)  -(k-1). 

<a>3  ’Kn<rp3  ><>,=  £<  %  »  A,»Cr>3  >00 


(262) 


k-2 


k-2 


N-2 

.  r*  ^_-(k)  (  1  1  V3  c(k+ 1)  -(k+l). 

3  ,VY20  840  k+1  3333^>  ^  stk"I) 

k-1 


N-l 


Z^-W  f  1  1  V3C(k)  ~  „-<k-u. 

<a>3  ’120  840 ^k^3333^ycrp3.p  >s(k,) 


k-2 
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N-2 

if 

w-i  s; 

N-l 


(k)  ,  1  1  v 3  r(k<l) _ <k<  '))'dS(k<  0 


(  ( 

,k+1)  120  840 '^'“3333  V-P3.P 


yf  (a<k)  (_1_ - L_)tVk>  7)  cr~(k  ,>)'dS<k  ,>  (263) 

..J  .<k-i)  y3  120  8*0  k  3333  'y  p3.p  i 

'i 


k-2  S 


N-2 


N-l 


Z  -<k)  -r<k+l)  — <k+  *)-«-.  _  V'  _“^k)  A<k)_-<k-l)«. 

<^3  **12  a33  >R(k*.)"L<CT33  ’A21°\3  > 


k-  I 


k-2 


N- 1 


,(k) 


.^1!  ^  (H 


^k-lj  /  o  1  v^Cu' 

<<ry3  ’  1  280  24  ^^3333 V  33  ^s(k) 

k-2 

+  V  f  (cr^k  l)  (-2— <T  (k))'dS( 

J  <k)  >3  280  24  k  3333  'y  33 

k-2  s;k) 

N-l  N-l 

L^_-<k)  A(k)  -(k-i)  _  r1  ^  -<k-D  T<k)_-<k)^ 

<0y3  ’  A12CT33  >r«0  2-<<r33  *  A21°y3  >„<»;> 


(264) 


k-2 


k-2 


N-l 


Z- _-<k)  /  3  _1  'W‘C^kl  AA 

<Cry3  ,_(280  24^kS333A  33  >s<k) 


k-2 

N-l 


-  L  f  <“» 


k-2  S, 


N-2 


N-l 


(266) 


-<k)  -x<k+l)  -<k*I)  _  r™  ^  -<k>  A<k)  -u-i) 

<ff33  ’  A22  CT33  >R(k-l)~irf  <<T33  ’  A22CT33  >  „<k) 

k- I  k-2 

Substituting  (262)  through  (266)  into  (261)  to  eliminate  H^5 ,  A*,k),  A1,, 'I),  A,k)  and 
n,(u  ,  a)  becomes 

fl>  .  <r)=2<?”  ,  > B(»+2 < ’  <r»’>»"> 

*  2<^. 

*  2<Ml“  .  ♦  2<v':’  ,  -|05»#1 
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,  -X«(k)  1  C(k)  ^~<k>  6  c(k)  -to). 

+  <Mo/3  ’  JQ  5t  Sa/!33a33  >R<k) 

k 


N- 


2  ~(k)  -(k)  . 

’  5  ^p3>3  >3  ^  R(kV 

*M)  -to)  ^  <k) 

“lia>3  >R(k)+2<£r33  • 

~'k)  - -<k) 
~21°y3 

,  ,  -<k)  -»(k)  -<k)  i 

kVVl733  ’  “  2 i  3 3  R<kV 

k-1 

N-l 

,  T'  ^  -(>0  A(k)  -<k-l).  -(k)  .(k)  -(k-Ih  .  ~<k)  A  (k)  -(k- J)  , 

+  L{2<£7P3  *  Al.tr>3  >R<k.+2<CT33  ’  A21^>3  >R(k)+2<Cr33  '^33  >  R0O} 

k-2 

N-2 

,  ^  /->  -  -<k)  T*k+|)  -<k- I)  \ 

+  L{2<Cr 33  *  A2 1  CTy3  >R<k.l>  > 

k-  I 

+  2<[a](N  l)  ,  [AfWfN!> 

R'1 

+  2<[cr]-(,),[AfVf)>R(1) 


n<N) 


c(k) 


k-t 


+  <£k>  .  -2g(3k)>  ,k) 


4k)  ~  (k) 

+  <V3  ’  2^5  >Q(k) 


.  n  >kA)  _  rr<k)  (k) 

+  2<^«p  ’  ^Va  82  >s(k) 


.  o^.»/k)  -r<k)  (k) 

+  2<M  ,  T) &  -g4  > 


,(k) 


+  2<Vlk)  ,  ^3k)-gik)>s<k>> 


Pf3Q<0  ,t3c<2)  x 

+  2<cr'<,)  )kt1^3333  +  t2&3333  _  1 _ D _ .<>), 


N-2 


+Z{2<<3 .h 


>3  120  840 

(k) 


_  W'  U _ '"-v 

^>^p3^3  6<r  5(1) 


k-2 


_1 _ _l_v3<,(k)  n  Lr~<k”,) 

120  840  k  3333 V^3* 
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(t?s?>  +t>  S ?;»*) 


+  [(  1  +  1  3333  3333  „  i  -(k)  (k)  i 

1  120  840  2  >' 

t  1  ^„-<N-l)  r,  1  1  v3  C(N-1)  1  -(N-2) 

+  2<0>3  *  120  840  ^n-*^3333^?  p3*p 

/  3  <j(N-l)  3«,(N>  X 

,  rr  1  1  1  xkN- 1^*3333  ^T4^3333'  ^  1_-<N-1) _ (N-l)^ 

l^l20  +  840  J  2  ^y^ps.p  g<*  >  ^ 


+D<*?>  *  ~2C> 


4k) 


k-  I 


♦  <£'  .  -2gf  > 


3  c(k) 


+  <^k)  — 2e'(k)> 

^  V3  ’  Z6  S  *<k) 


♦  2<N1«  • 


♦  j<m“ 


*> 


♦  2<v'“ ,  njtvJ’r- g">^ 


/  3cj(l)  ,  3«(2)  \ 

.  re  1  _i  1  '»'‘tJI>3333+t25>3333-'_ 

+  2<^  *[(nO+W) - 2 - V*W^  > 


.(i) 


N-2 


+z< 


k-2 


120  840 

r  3„(k)  3  -<kHK 

1,1  x^tki>3333+tk+i:>3333^  v~-<k>Y _ ,(k) 


+  ^  120  +  840  ) 

_-(N- 1) 


w-«.v } 


f _ (  1  1  O  c<N-l)  v  -(N-2K* 

"2<°\3  *  ^  120  "840  ^-^3333  ) 

.  1  .  1  x^N- 1^3333  +tN^3333^  y_-<N-lV  »(N-I)^ 

+  [(n0  +  840} - 2 - V%  0_g-  >s‘N» 


(267) 


For  the  boundary  value  problem  considered,  if  the  set  of  admissible  states  is  restricted 
to  one  that  identically  satisfies  the  constitutive  equations,  (155)  through  (157),  the 
functional  ft,  is  specialized  to 
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/— <k)  3<k)  -<k>  _~<kK_y  _<0),  .  t  ^3<1)  lI  (O),  ..^-(I)  (O) 

°S(v«  •*.  *V3  **13  )=2<Vy  •<TV3>r<.)+2<5;  ,  yay3>R(])+2<V3  ,^„>R 

.-<n)  ,JN>,  ,  1n  (n).  _(n). 

~2<Vy  *  <ry3>R(N)+2<^  •  YCry3>R(N)+2<V3  ’  “^33  > 


33  o<N) 


N  t 

,  „-<k-l).  ,  .-jKk)  lk  -4k-l)  ,  <k)  -<k-l)  > 

+  L2{<Vr  *^3  ><k>+<*y  *  >R<k)+<V3  ’^33  >R(k)> 


k-2 

N 


Z/^kA)  1  cA)  \/k^ 

^<No(3  >  t  SO0MPNMP >  R<k) 
k 


+  <M(k)  ,  iis(k)  M<k)>  , 

<*P  ^3  O0MP  MP  b>'< 


+  <v(k> ,  — s(k)  3v(l0>  J 

P  ’  5tR  p3y3  p  Rlk)* 


N-l  t 

,  XT'  ^  ~ <k)  ~(k)  ,  _,-T<k)  lk  _~(k),_  ,  rA)  “(k).  i 

+  £2^<Vy  *  “^yS  >  R<k)+  <V’>  •  2  °V3  >R(k)+<  3  ’  <r33>jtM 


k-1 

N-l 


,  V"  r  ^  _~<k)  -y(k)  (k).  xi>-."^k)  —<k) -<k)-  ,  _~<k)  j-(k)  -(k)«^  i 

+  2^‘<,Tp3  *  ~  1 1  ^y  3  >R(k)+2<<r33  •  “21^3  >R(k)+ <<r33  *  ~  22^33  >R‘kV 


k-1 

N-l 


,  *■«  /_  -  ■ -<k)  A(k)  -<k-l),  ,  ~  n*-iK  ,  ^  _-3»;  .vij-vn-i)  , 

+  £l2<°p3  ’^11^3  ■>R(k)+2<<T33  *  -^21^3  >R(k)+2<<T33  »  ^22^33  ^(kV 


-(k)  A(k)  -(k-1). 


_-(k)  A  <k)  — (k—  1 ) , 


k-2 

N-2 


,  *T»  f-»  -  _-(k)  -r<k+l)  -(k+1).  1 

+  Zrf*2<<T33  ’  A?1  °y3  >R(k»l)  ' 


k-1 


+  2<[trF<N",) ,  PtfNWfN): 

+  2<[o-r(,) ,  [All\a10)>^ 

+  <^.-2g(3k)>, 


nCN) 


N 


k-1 


,(k) 

*3 


,  -4k>  ~  (k)_ 

+  <V3  ’  -2&S  >M 
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-  .  KT(k)  -<k)  (k). 

+  2<N^  •  V.  -82  >  <*> 


+  2<m“;  . 


+  2<v“ . 


,  U  1  _1_  1  _  *L_-0> _ .0)^ 

+  2<°V>  •[(no  +  840) - 2 - VW*«  >5.,) 


ft3C(k)  4-r3  C(k+1)l 

+  iJ-ti-iSaiaikM: 


120  840 


Vp3,p  6ct  ^  (k)  I 


2<°\3  ’  K  no"  840 


/  3  ^(N-1)  3<j(K)  x 

ff  1  j.  1  3  ^  n-i  3333  rJ  j3332  ^  W"(N',)-_«(N_,)'». 

^  -  -»A  n  JA  A  ^y^p3.p  ^CJ  rlN-l) 


120  840 


♦  <> ,  -2gr>4k> 


+  <^3k)  • 

^1 


^  > \A)  ( — (kK*  '(k). 

+  2<N«/i  •  VVo  )_S2  >M> 

a2i 


*  2<M"  . 

+  2<v“  , 


t  t3c(0  *t3c<2>  1 

.  1  t  1  -» '■ti5>3333+t 2^3333  „  y_-<Oy  „<(i)^ 

+  2<t7>3  ’[(l20  +  840) - 2 - VW-*»  >s‘*> 
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N-  2 


+£<  ><<'  ■ 


k-2 


(t3C(k)  4-t3  C(k4,)l 

,  f(  1  4-  1  )^tk?>3333+tk-M;>3333-1  ^  Y~-<k)Y_-'(k) 

^  a  rt /\  T  n  4A  ' 


120  840 


\KZy-*:>^ 


-(N-l)  r  /  1  1  v3 

+  2<<r-»  *  k“ ^tN-1^33331^>^<rp3,p  ' 


120  840 

(  3  -(N-l)  ,  3-(N)  x 

.  ft  1  .  1  '1UN-15>3333+V>3333;,„  y^-(N-1)y_„-(N-1)^ 

+  [(120+840) - 2 - V°W  V» 


(268) 


Here  N^1 ,  V^k)  are  not  independent  field  variables  but  defined  completely  by  v^’, 

$k),  ^  and  crfk)  through  the  constitutive  relations  (155)  through  (157).  Even  if  the 
physical  problem  has  no  discontinuities  i.e.,  g'‘k)  vanish,  the  discontinuity  terms  must  be 
included.  These  vanish  if  v^k),  ,  v^’  and  are  restricted  to  being  continuous 

across  all  internal  boundaries.  Satisfying  the  displacement  boundary  conditions  (i.e.  the 
last  three  conditions  in  (221)  and  in  (223))  identically,  the  traction-free  boundary 
conditions  and  assuming  no  physical  discontinuities  (Le.,  g', ,  g', ,  g's  and  g'o)  vanishing, 
fls(u  ,  cr)  leads  to 

d6(»  .  <0=2  c^11  .  <r“’>i(nl+2<?'>"  .  yff<“>>0,+J<vljl> .  Or1i> 

■*<*?  •  <,’>R, *,«<’  • 

+  /rf2'<Vy  >  a>.3  >R(k)+<^y  ’  2^3  >R<kl+<V3  ’  ^33  >r«‘>^ 

k-2 

N 


tk  Q(k)  --O'-*) .  I  o(k)  _-<k-l) 

+  L{<N»P  ’  i2S«P33Cry3.y  +  JS^33  33  1 

k-1 


,00 


,  .^k)  1  c(k)  -(k-1)  ,  6  -(k)  _-(k-l)- 

orfi  9  JQ  <*033  >3,>  0/033  33 


A  ^v<k)  _2-(k)  _-<k-l)  1 

p  ’  g  pSgammas'yS  R<kr 
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N 


Lf^Xi(k)  r^k)  _L^\4^k)  -j^k)  i  — (k)  .-r<k)  \ 

<<N^«V(o.p)>R<M+<M^*^)>R(k)+<V>  •  V3.y+*y  >KJ 


k-l 

N 


,r'/^v(k)  _  lk  c(k)  „-<k)xlc(k)  _-(k) 
+  2^{<N^  ,  12  S«^33<ry3,y+ 2  S^33CT33 


,<k> 


k*  1 


^  «rvt<k)  1  c(k)  ^.-(k)  _  6  c(k)  -(k). 

+  <Ma0  ’  10  “^33<r>3>>  5tk  *£33^33  >R(k) 


,  .v(k)  2c(k)  -<k).  , 

+  <V  -TSp3v3ory3  >  (k)} 


5  “P3y3~y3  "  R<* 

,  V*  i/  ^TT<k>  __-<k).  ,  ^;x<k)  ^k  -<k)  ,  —i (k)  -(k)  1 

+  L 2{<Vy  ’_£ry3  ><k)+<*y  *  y^yj  >  <k>+<V3  ’-^33 


N-  I 


k-l 

N-l 


—(k)  -<k)  ,  -<k)  _(k)  -<k)_  -<k)  _(k)  -<kL  > 

+  Z{<°p3  •  -l.ay3  >R(k.+  2<CT33  «  >21^3  >R(k)+<£r33  ’  ~  22^33  >  RJ 


k-l 

N-l 


.  Vf-y^^k)  .  (k)-(k- 1).  , ^_-<k)  A(k)  -(k-l).  . _ -<k)  A(k)  -<k-l).  k 

+  L{2<afi3  ’AU*y3  >R(k)+2«r33  ’^1^3  >RCk)+2<<r33  ’*22*33 


-<k)  »(k)  -<k-l). 


_-(k)  .(k)-(k-l). 


k-2 

N-2 


.  T*  -»_-<k)  -Tr(k+1) -(k+l).  1 

+  Z*2<°33  '^21  ^3  >  B(k+1) 


k-l 


+  2<[o-r<N',),[7nlNw/N)> 


,<N> 


2<l<rT(,) ,  [Af%t0): 


0<n 


-2Z«^k) ,  g(,k)> 


,(k) 


k-l 


<k). 


+  <$a  *  £3  >_(k) 


+  <^k)  p<k)  >  } 

3  ’  £5  ^^k)  1 


xt3C(2)  3 

,  r/  1  k  1  'lVli:>3333+t2:>3333;_  V_-(Dy^ 

+  >3  ’l(T20  +  840) - 2 - 7,'-X<r—)  > 


*y  p3.p'  '  sd) 


N  2 


+L<2<a-.H1L--Lx 


k-2 
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used  to  develop  a  finite  element  solution  procedure  described  in  the  next  section. 
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SECTION  V 

FINITE  ELEMENT  FORMULATION 


5.1  Finite  Element  Discretization 

In  the  finite  element  method,  the  region  R  is  replaced  by  a  collection  of  m 
disjoint  open  subregions  called  elements  {Re  ,  e  =  1,  .  .  .  ,m  }  such  that  in  a  sequence 
of  refinements 

71) 

R  =  lim  I  I  R  (270) 

m— oo  * 

«=  1 

and  the  subregions  have  the  property  that 

R«r|Rf“0  if  e  *  f  (271) 

These  elements  are  connected  at  a  finite  number,  N,  of  nodal  points.  We  assume  that 
a  finite  element  representation  of  R  is  available  such  that  {(S„  ,  Sa)  ,  (S*  ,  S*)  and 
(S*  ,  SJ  are  contained  in  the  union  of  intersection  of  element  boundaries. 

Over  an  element,  let  approximation  to  the  unknown  field  variables  be,  in  matrix 
form,  as  follows 

vo  4+}]  (a^  (272) 

where  ,  the  set  of  base  functions,  is  a  row  vector  and  {av}e  is  a  column  vector  of 
coefficients.  Evaluating  the  function,  and  its  derivatives  up  to  a  certain  order,  at 
nodal  points  yields 

fv.)e  -  HJ  UX  (273) 
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■where  {vjt  *s  l^e  vector  of  nodal  point  values  of  the  function  and  its  derivatives  up 
to  the  order  selected,  and  is  the  matrix  of  base  functions  and  their  appropriate 

derivatives,  if  required,  evaluated  at  each  nodal  point.  The  rows  and  columns  of 
must  be  linearly  independent.  If  square,  the  matrix  is  invertible.  Hence,  we  can 
write 

<*v>,  -  UlTV  (vo}e 


(275) 


(276) 


=  [A]  '  {vo}e  (274) 

where  [A]  = 

Substitution  of  (274)  into  (272)  leads  to 
vo  =  Ml  [AT 1  <vo}, 

*  <vo}t 

where 

[*jf  -  i+i;  (Ar‘ 

For  the  kth  layer,  we  have 

-  Wl  <277> 

where  can  now  be  regraded  as  a  set  of  interpolating  functions  relating  nodal 

point  values  of  a  function  and  its  derivatives  up  to  a  preselected  order,  to  the  value 
of  the  function  v*ak)  at  an  arbitrary  point  within  the  element  e.  Similarly  the  other 
field  variables  are  approximated,  in  the  finite  element  procedure,  as 

*ik)  -  <ax>;k 


*  -  * 


_-<k) 

y3 

r-(k) 

33 


<k) 

e 

<k) 

-(k) 

(k) 


(278) 
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5.1.1  Finite  Element  Formulation 


In  the  present  investigation,  the  specialized  functional  ft4(u  ,  cr)  was  used  as  the 
basis  for  setting  up  an  approximate  numerical  solution  scheme.  flt(u  ,  cr)  is  completely 
defined  by  the  kinematic  variables,  v^k) ,  $£k) ,  v^} ,  and  the  stress  variables,  cr^k)  .  In 
deriving  the  governing  function  fi4(u  ,  cr)  the  following  assumptions  were  made: 

1.  Constitutive  equations  are  identically  satisfied,  i.e. ,  N^,  V*ak)  are  not 

field  variables  but  completely  defined  by  v^k),  ^?k),  v*3k>  and  the  stress  vari¬ 
ables  cri3k). 

2.  Displacement  boundary  conditions  are  exactly  satisfied,  i.e.,  v*ok\  $*ak),  v*3k)  are 
restricted  to  the  set  exactly  satisfying  the  last  three  equations  of  the  set  (221). 

3.  Stress  boundary  conditions  are  satisfied  at  the  free  edges  of  the  plate. 

4.  No  jump  discontinuities  in  the  force  quantities  Ml*'7)*!  *  V^k)T)o  exist  in 

the  interior  of  the  plate. 

5.  \?k) ,  ?3k) ,  $,k)  satisfy  the  last  three  of  the  discontinuity  equations  (223)  iden¬ 
tically  i-e.,  if  the  physical  problem  does  not  have  kinematic  discontinuities, 
vlk),  ?3k),  $,k)  are  continuous  in  the  interior  of  the  plate. 

To  explicitly  write  Q4(u  ,  cr)  in  terms  of  the  free  field  variables,  it  is  necessary 
to  use  the  constitutive  relations  (155)  through  (157)  to  eliminate  N^.M^  and  V(pk>. 
Upon  appropriate  rearrangement,  (155)  through  (157)  yield: 


N(k)=fr<k)  J  ^k)  -  Iis(k)  (a 

<»U  1  UkVW)  2  ^33V<r 


-<k-l)  ,  — <k. 
33  +  ^33 


>)  +  is' 


12  “«/J33w  yXy 


a"<k“,))} 
yxy  1 


t3  t2 

y_k  3<k)  Jk)  /  - 

«0  ‘  12  ^W)  jo  S»P33  Cr3 


t3 

kH  lk  *.(k)  /- _ — <k- 1>  ,  _-(k)\i 

'°“T20S“^3(ay3.>  +£r>3.>)} 


(280) 
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wher<  [C^g]  =  [S^J*  and  [C>3pJ  =  [S.^J1 .  To  recover  continuous  V(uk>,  it 


is  necessary  that  v^ ,  <?a ,  v*3k) ,  o^  be  continuously  differentiable.  Otherwise. 
N^,  M^g,  V^’  will  be  discontinuous  at  inter-element  boundaries.  However,  this 
requirement  of  differentiability  makes  the  finite  element  scheme  unwieldy  and  is  not 
necessary  for  convergence  of  sequence  of  solutions,  ordered  by  mesh  refinement,  to  the 
correct  value.  For  this  reason,  in  the  finite  element  scheme  discussed  later  in  this 
section,  simpler  interpolation  schemes  yielding  discontinuous  force  resultants  at 
inter-element  boundaries  was  adopted.  Substituting  (277)  and  (278)  into  (279)  through 
(281),  N(ug’ ,  ,  and  Vpk)  can  be  expressed  in  terms  of  shape  functions  and  generalized 

coordinates  associated  with  v^’,  ^ok),  v*3k)  and  cr^1 .  The  governing  functional 

fi4(u  ,  O’)  after  discretizing  the  spatial  domain  R  into  m  disjoint  elements  has  the  form: 


fl6(u  ,  ff)=£ne(u  ,  o’) 


where 


k-l  R« 

+  f  M(g  I)+~S(k|Lo’ ‘W 

Jr  ^  10  a^33  >3’>  5t  a^33  33  * 

-  /„v“  K,>rw 
-h  f  n.»  or.+ /  <  C)dR,+ / v” 

k-l  J  R.  J  K  J  Re 

N  t 

i^l  f  vj(k)  f  k  ~tk)  ,  1  p(k) 

+  J  .  [_T2S“^3tr>3,>+2S^33Cr33TdR, 

k-l  R« 

r  ,/k)  r  1  _(k)  -<k)_  6  c(k)  -(kb.., 

+  JRM®0  *■  10  SafiH<Ty3,y  5^  S»033°33  **Re 


k-l  "« 


152 


-  ft  V" 

h 2 /  'F<">  <r,dR. +  2 /  y<>‘"’dR. +  2 /  *?’  -r,dR.  i 


k-l  e 


+£<  -2 /,  ^  <>.  ♦  2 /„  tO.  -  ^ /,  *?’  »?>.  I 

N-l 

,  v'/  r  „-<*)  «-<k)  -(k) ,D  r  -<«  -<k) -<k).D  ,  r  ^.-(k)  uk>  ■ -<k)  , 

+  L{  /  ap3  -l.a>3dR«+2  J  *33  -21<r>3dR*+J  ^33  *22^33  dRe' 

k-l  J  Re  J  R  J  R 


(k)  -<k-t),D  j 

22^33  dRe 


+z<2  /  w-*.*  /  W11, 

k-2  J  R.  J  K 

* 2 «.‘’dR.*2 /„*£’  AS»»',>dRJ 

♦  i/^r"  KK'**s2f,<r  «-R, 

*  2J  <”  «dR, 

,  ,f  _-<l)  f  A(,W0)XD 

+  2f  ffp3  Alia>3dR.+2J  Ra>3  A.2t733dR« 

A  ~  r  a^u°u  ^  r  _-<»  a(|wo)^d 

+  2  J  a33  A2ia>3dR«+2  J  R  a33  A22(T33dRe 


_-<l)  A(J)  (0)  D 

a-  ,  A.,o\-dK 
>3  12  33  e 


+  2  J  R  ^33  A2ia>3dR«+2  J  R  a33  A22(T33dRe 


~Z<2  f  8|,>ds..« /  C’  «?’<«*, 

k-»  s.ns.  ^ck 

+  2 /  8s'dSJ.  I 

J  *.0. 

+ ‘ts^bo’/^SVS^^ 


+  <ts+so)/s(<,V’s',»30, 


+  Z  '-2(75o-8So >/, 
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120  840  J  s  r3  y  k  3333  P3^  1 

/  1  ,  1  \  C  /_-<k)  t3  C^k+0  “(k)y  1 

120  +  840  J  s  »i  Vi-iSJJJ3°rt.f)dSi 

1  1  3  r  l*-<N-0_  .1  c<N_l>_-<N-3>y 

_J(l»~i40)J  s,  Vn-.WW  OdS, 

120  840  J  c  >3  3333  p3>p  1 

ai 

./l  .  1  \  f  /-  -<N  I)  3  C(N)  -<N  Ik, 

+( - + - )  I  (cr  ,  7i  ,  )dS 

120  840  J  c  >3  >  N  3333  p3,p  ’ 


Substituting  (277)  through  (281)  into  (283),  the  spatially  discretized  governing 


functional  is  obtained. 


{a  }  (k)  K3313  {g-  }^k",)+{<r  T(k)  -^-{a  ,}_<k*,) 

1  33'«  24  1  >3,«  >3  e  144  >3  e 


T  it 

<?X’ Ov;11 


e  100  >3  e 


T  T 

+  {o-  r<k)  ^.{p-  y.3l3{o-  ,}-(k_l) 

1  33'e  100  '  >3'*  >3e  1200  y 


y  1200  y 


.  /a  i(k)TK<k)  }-<k  «>_i  }-<k-i)T_3_K(k)  ,  i-(k-i) 

+  {0o)t  KD*33*°W«  1<7332«  -)<;  K3333'Cr33;« 


,  ,-<k)T  3  -,<k)  .  r(k-l>  «  r(k  1)K>333  i_  l-(k-l) 

{  “}*  25Kj33^  33}'  ~{  >3  loo-'  33]* 


-^V3^)T%i{a33^k'0-{"3f)TKw>>3)e'<kl) 


-  <>Xu-{(rX'l)  KXyX'-^X  OyX 

-h 


-  {O-  ,}-(k-,) VJ  {v  }(k) 

>3  «  >3v  o  e 

rx  l(k)^^(k)  /;r  l<k)  r  »-<k'l)Tv(k)  i-jr  i(k) 

+  ^33  e  K33lV«Ve 

,  f_  i-<k)T,,(k)  it-  i(k)  r  Hk-l)Tv(k)  itt  l(k) 

+  {<T33}e  K33D*{*«>}«  ~{<ry3}«  K>3I>W« 

f  _  i-(k)Tv(k)  itt  i(k) 

'  {°>3}«  Ky3D*^«}. 

♦  <v3>lk)V» 

+ 

-  ^>3Ck'‘)TC^k,+^v3Ck)70^}(ek)  1 


ttVk; 


T  If  ^  T 

+  {a  }Ak)  -  33^{o-  }‘<k)-{cr  }^k)  -2^1{cr  }^k) 
’  33'e  24  *  >3;  *  >3 ’t  1AA  1  y3’t 


144  >3' 


+  {a-  Tk~l)  -&Mt t  S 

>3  e  |44  >3’e 


T  k  (K) 

,  i—  \<k)Ti,<k>  i _  \  (k)  \~(k- D~  K3333  ,  v<k) 

+  {V,  Kv33i<T33>e  ^33  «  “ ^33*. 


..<k)  ..(k) 

-  ^3C‘)THP{a33»;(k>+^X)  “if{tr 33>e(k’ 


(k) 


Kr",T%ito33C“ 


ifcivk)  /_  l-(k)  /_  l-<k-l)TK 

i 

\T  K„  „  .  ,_/u\  K 


(k) 

33y 
100  "'>3’e 


^.(k)  v(k) 


33’e  100  >3  *  >3’« 


1200 


>3’e 


,tK 


,<k) 


-  {o-y3}’ 

y3  1200  y 


(k) 


i-r  \(k)T,-(k)  r  l-(k),  i  \~(k-t)T  3  ^(k)  i  i  (k) 
-  KD^33{£r33}e  +{°Ve  JS*3333  ”}« 


t  K,(k) 

f_  t-<k)T  3  X/r(k)  \-(k)  ,  /  \-(k-l)TKy333  i_  \~(k) 

-  <°W.  25  3333{  33)*  {  °W«  I00~[a^' 


i—  i<k)Tj,(k)  i  i-(k)  /tt  i(k)T,,(k)  i  i-<k) 

V3  e  Kwy3{Cr>3>*  ^  K*>3{°\3}< 


-<k)  /  \-(k)  ,r(k) 


\-(k) 


N-l 


+»  -^X’  <Ts+ra*^^ru+i'X’'(T+t»K.^ 


-<k)  , 


-(k)T,  1  ,  1  \„(k) 


-(k) 


k-1 


120  840 


-<k), 


-(k)  /  1  .  1  \i-x(k-*l)i_  \-<k) 


120  840 


Hk) 


-(k)T/  1.3  \rv(k+I)i  \"<k) 


24  280  33>3  >3 

Hk)T,  1  .  17  Wk)  /_  v-(k> 


24  280 


r _  Hk)v  1  .  IV  Wkl  v-kk>./-  l-<k)Tflj.  17  Wk+1)/^  3-<k)  ■, 

+  {<r33}«  (4+^o)D3333{<733)e  +[<T33K  (  4+  HO®3333'  33'*  J 


N-I 


,  rr  0i  t<k)T/  1  _  1  3r>(k)  (  r(k)  (_L— L)n(k)  {cr  )  (k  •l) 

2*^  ^  ^p3  e  120  840  P3>3D  ^>3  *  P3  e  3  5  p3*3  >3  e 

k-2 
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-I  Hk)T/  1  3  \r-v(k)  /_  Hk~D  —  l- <k—  1)"^" (•  1  3  \r-.(k)  Hk) 

+  2ioV,  (24-2io)D»>5,<rvi).  -2(<r3Jt,  24 _  280  ® 33»3  ff»3  • 


/»i  Hk)*/ 1  17  ^nk)  /  \-u-u  i 

+  2{<r33}e  (4-^o)D3333{CT33}e  1 


-(k-l) 


+  Z*  2^a^k)TRv>3^cr>3Ck  l)+2{?a}^)T6R(<^3{o‘y3}e<k  ,)+2{v3}<ek)TRw33{tr33}^k  l)  } 


k-l 

N 


+  £{  — ^^o^k)TRV>3^°’y3}«<ll)+2{^Q^k)T6R^y3{<Ty3}’(k)— 2{v3}^k)TRw33{(T33}^k)  } 


k-l 


i-(N-l)^/  1  1  \n(N)  i  i-(N)  -i  *-(N-l)T/  1  1  \t-JN)  i  I'fN) 

+  2{£rp3}*  (T20~840)DP3>3D^>3}e  -2{crp3l  (3-5)Dp3y3<(r>3l 


L  ->4  HN-1)T,  3  1  'vHN)  ,  r(N) 

+  2{£Ve  (280~24  )D,333D^33>e 


,  \-<n-i)T4  3  1  \p.(N)  .  Hni.0i_  t-iN-ir/  i  i/  \niNj  .  i- 

2{  33}«  280  ~  2T^°3  3>3  Cr>3  *  +2{tT33}c  (4-^)D3333{CT33}e 

■yl  HDT/  1  1  \j>3l)  irr  'ilrr  HD^V  ^  ^  \tn(D  irr 

+  2  °^p3  e  (  120  840  2  ^P3  *  (  3  5  ^pSys'^ys'e 

~yf  Hl)T/  1  3  1 )  I  Hl)Tf  1 _ 3  Spjd)  I  l(0) 

+  2  ^>3  e  (24  280  )D>3330  33  *  +2{{T33l  24  280  )E>33*3  >3  e 


r(N-i)T,l  17  WN) 


\-(N) 


-w  H  1  /  1  17  -V|-w(  1 )  r  i(0)  -I 

+  2  ^33  e  '  4  140  ®3333^33  e  ^ 


-Yl  2{v  }(k)TR(k)+2{^  }(k)Yk)+2{vJ(k)Vk>  ] 

a  t  vn  raJt  xfin  3  e  wn 


k-l 


+  {cr  T*0  (-1-+— JR0’  ,,{<r  J 
>3  e  120  840  >3p3J  p3  e 


HD 


.  r  \-(DTf  1  ■  1  w(2)  t  i-U) 

°>3  «  120  +  840  K>3p3J  ^3  e 


N-2 


+Z  ^K,C'J<T^-~KLK,y 


-(k-l) 


k-2 


*3 e  120  840  *3p3J  pj 

\-(k)T/-  1  ,  1  w(k)  1  \-(k) 


+  l%3,-<T5o  + 850^3, K>'; 
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+  {< 7 

X-lk)^  1  j_  1  /___  \  <k)  ^ 

y3  «  k  120  +  840  y3p3r°p3'e 

~ 

-(N  l)T,  1  1  w(N-l)r  y(  N-2) 

*  120  840  >3p3lt<rp3,e 

+ 

(N-t)1/  11  w(N-l)i  1-<N-1) 

k  120  840  ;Kr3p3J^p3]e 

i  /_  \-(N-l)T/’  1  ,  1  ^(N)  /_  ^-(N-1) 

+  {ffy3}.  (i20  +  840)K>3p3J{£rp3}e 

(284) 

where 

K<k\  = 

v>3 

/„  |D*vl,^-01»!W«.vfdR. 

(285) 

ii 

> 

5  7 

x 

/„ 

(286) 

ii 

3  > 

X 

(287) 

v<k) 

K33v  * 

f,  '♦■iyC.CW®. 

(288) 

v<k) 

K33>3 

J  R. 

(289) 

K(k) 

*^3333 

J  R, 

(290) 

K(k)  - 

>3  >3 

J  R, 

(291) 

^(k) 

>333 

/R 

(292) 

v(k) 

KD4>3 

/R  ^^«'i20CVpo,pSa@33^y3,y^dRe 

(293) 

v(k) 

k>3D*  ” 

Xr  ^>3,yl7^^p«eSpp33[lW<dlR« 

(294) 
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k'OO 

IST>033 

(295) 

k(k) 

IV33D« 

(296) 

v(k)- 

Kwy3 

f, 

(297) 

k(k) 

K«y3 

(298) 

K(k)  = 

p3y3 

f„  »4Wa' 

(299) 

„<k>  _ 

vv 

/b  (W'J,'kOD*XdR. 

(300) 

v,(k) 

Kd^  ” 

/  [p+AhO'X'AX 

Re 

(301) 

„(k> 

^WW  * 

/,  io.|rC.io>. 

(302) 

k£  - 

/„ 

(303) 

^(k) 

*<*>  ” 

/,  'o.|K>>wx 

(304) 

v(k) 

(305) 

K(k) 

Fw>3p3J 

-  / 

% 

(306) 

D<k) 

L/p3y3D 

■  /„  iucw®. 

(307) 

D(k)  = 

P3y3 

'  /,  MVwMX 

(308) 

D(k) 

*^3333 

■  / 

J  R 

(309) 
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D<k)  = 

>333 

J  l+yXyl'&ld+ui6*' 

J  R« 

(310) 

D(k> 

33>3 

/  ^33^S3333^>3,>fdRe 

J  Re 

(311) 

D(k) 

^>3 3 3D 

"  /R  ^>3l^S3k333^33.yfdR« 

(312) 

D<k) 

^33>3D 

-  /,  MW®, 

(313) 

R  ,  = 

v>3 

f  i+J,  i*„)X 

J  Rf 

(314) 

phO  _ 
w>3 

/„  i*a>,3tIdR. 

(315) 

R(k)  = 

y3w 

/, 

(316) 

Rw33  " 

J  R. 

(317) 

- 

♦>3 

(318) 

R(k)  - 

y3<p 

(319) 

R(k)  - 

vn 

/  t*J,  *>„ 

s.ns. 

(320) 

pM  «- 

%n 

/  i#jl  £  K 

(321) 

*wn 

f  iu  «X 

J  Ssfls. 

(322) 

The  spatially  discretized  functional  (284)  can  expressed  in  matrix  form  as 

fte  = 

-{u}j  [K]e  {u)e  +  2  {U)J  {F}e 

(323) 

where 


[yf  [irf*  0  0  0  0  0 

[yf)T  [af  ooooo 

[wf0*  [/if*  [a/0  [y i2)  [(t2)  0  0  0 

0  0  [yf  [af}  [0f2)  0  0  0 

0  0  [tfT  [tf2)J  [Xf2)  [yf  >  ltf3)  0 

0  0  0  0  [yPT  [ai»  [fit*  . 

o  [tf3)T  (of )T  [xf31  .  0  0  0 

0  0  0  [yK  .  [yf  °  Uf-°  o  0 

oooo.  wT"  [^N1)  o  0 

.  [^f-,)T  [Af-°  [yf J  [irf 1 

.  [yf )T  [«T  [tf° 

0  [Trf )T  [0f )T  hfN) 


6 


:^>i 

y 


‘k)  -  Wy\ 


{u}(k)  = 
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Superposed  bar  on  a  quantity  in  the  following  denotes  average  of  the  quantity  itself 
and  its  transpose.  Here,  elements  of  the  [K^  are  explicitly. 
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The  spatially  discretized  governing  function  for  the  global  system  is 


n6  =  £  =  ~{U}T[KKU}+2{U}T{F}  (334) 

e=  1 

where  {U}  is  the  vector  of  values  of  the  field  variables  at  the  global  nodal  points,  {F} 

is  the  set  of  corresponding  load  vectors  and  [K]  is  the  system  matrix  corresponding  to 

[K],  for  an  element.  Vanishing  of  the  differential  of  (lt  in  (334)  with  respect  to  {U} 
gives  the  set  of  equations 

IKHU}  =  {F}  (335) 

where 

m 

[k]  =  £  [K\  (336) 

e-1 

and 

m 

{F}  -  £  [f;  (337) 

e-l 


5.2  Selection  of  the  Interpolation  Scheme 
5.2.1  General  Considerations 

The  basic  requirement  of  selections  of  element  to  be  used  in  the  numerical  solution 
procedure  is  that  over  each  element  the  first  order  derivatives  of  v<„k),  <jPak),  v<,k),  cr,,10 
and  the  second  order  derivatives  for  o^3k)  include,  at  least,  constant  values.  Also,  v*0k), 
3>Lk),  Vjk)*  Cn'-  and  should  be  continuous  across  interelement  boundaries.  This 

would  require,  for  triangular  elements,  v*akl  ^ak>,  v^k)  and  cr^k)  to  be  linear  or  higher 
order.  cr^’  needs  to  be  at  least  quadratic.  For  rectangular  elements,  bilinear 
interpolants  for  v^1  ^k),  v*3k)  and  <r33k)  would  be  necessary  and  higher  order 
interpolants  would  be  required  for  o^k). 


The  Heterosis  element  introduced  by  Hughes  [1978]  is  a  higher  order  element 
satisfying  all  of  the  above  requirements.  This  element  has  been  found  [Hughes  1978] 
to  be  very  good  for  isotropic  plates.  It  has  been  used  for  laminated  plates  by  Hong 
[1988]  and  no  comparative  studies  of  its  effectiveness  in  comparison  with  new 
possibilities  are  available.  For  the  present  application,  this  element  was  used. 

In  this  section,  the  interpolation  functions  of  the  Heterosis  element  and  the 

differential  operator  matrices  involving  in  the  (285)  through  (322)  used  to  implement 
the  finite  element  analysis  are  summarized.  The  finite  element  computer  program 
incorporated  the  Heterosis  plate  bending  element  [Hughes  1978]  without  using 

reduced/selective  integration  technique.  This  element  is  a  variant  of  isoparametric  finite 
element  and,  therefore,  element  matrix  can  be  formed  following  the  usual  procedure  for 

isoparametric  element  formulation.  However,  the  Heterosis  element  differs  from  other 

isoparametric  elements  in  using  different  interpolation  schemes  for  lateral  displacement, 
vj°,  and  transverse  normal  stress,  <r£k).  In-plane  kinematic  field  variables  v^',  <fik) 
and  transverse  shear  stresses  cr^1  are  approximated  by  nine-node  Lagrange  interpolation 
functions  while  the  lateral  displacement,  v*3k)  and  transverse  normal  stress  <r£°,  are 
approximated  by  quadratic  functions  for  eight-node  isoparametric  element.  Figure  1 
shows  the  geometry  and  the  nodal  points  of  the  Heterosis  element. 
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5.22  Interpolation  function  for  the  Heterosis  Element 


interpolations  functions  of  eight-node  isoparametric  element  and  nine-node  Lagrange 
element  in  terms  of  natural/local  coordinates  (s,t)  and  their  derivatives  with  respect  to 
s  and  t  are  as  follows; 
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Here,  N  and  L  denote  interpolation  functions  for  eight-node  isoparametric  and  the 
nine-node  1-agrange  elements,  respectively. 


5.3  Computer  Implementation 

Since  the  field  variables  are  interpolated  over  an  element  in  natural  coordinates 
(s,t),  it  is  necessary  to  set  up  the  relation  of  the  global  coordinates  and  natural  (local) 
coordinates  for  evaluation  of  the  element  matrices  defined  in  (285)  through  (322).  We 
consider  a  mapping  of  global  coordinate  system  (x,,Xj)  to  local  coordinate  system  (s,t). 
We  assume  that  this  mapping  is  one-to-one  and  onto.  By  chain  rule,  the  derivative  in 
each  coordinate  system  is  related  by 
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where  Jacobian  matrix  J  and  its  inverse  are  defined  as 
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Here,  IJI  is  the  determinant  of  Jacobian  matrix.  Following  the  concept  of  isoparametric 
formulation,  global  coordinates  are  interpolated  over  an  element  as 

x  =  ^Tx  (343) 

where  ¥  is  the  vector  of  interpolation  functions  used  for  field  variable,  x  is  the 
vector  of  global  coordinate  values  at  nodal  points. 

Using  (338)  through  (343),  the  differential  operator  matrices  in  (285)  through 
(322),  explicitly,  are 
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In  element  matrices  given  in  (285)  through  (322),  integrands  are  functions  of  local 
coordinates  (s,t).  Therefore,  the  surface  integration  extends  over  the  natural  coordinate 
surface.  Since,  in  general, 

dR  =  IJIdsdt  (350) 

integration  in  the  two  coordinate  systems  is  related  by 


t  i 


J *  J  Ftx^dxdy  =  s,t)  IJIdsdt 

For  numerical  evaluation  of  the  integrals,  Gaussian  quadrature  implies: 
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where  m  is  the  number  of  Gaussian  quadrature  points  and  W(j  are  the  corresponding 
weighting  values.  Here,  it  should  be  mentioned  that  in  the  Heterosis  element 
numerical  integration  was  performed.  In  the  matrices  given  in  (285),  through  (322), 
the  highest  order  of  numerator  of  the  integrands  in  (s-t)  is  order  of  nine  and  the 
highest  order  of  denominator  is  order  of  six.  To  properly  perform  the  numerical 
integration,  it  is  necessary  to  use  as  many  Gaussian  quadrature  points  as  possible  until 
convergence  is  attained.  It  is  quite  expensive  to  perform  the  numerical  integration 
when  the  number  of  Gaussian  quadrature  points  is  more  than  three.  Therefore, 
three-point  Gaussian  quadrature  was  used  in  the  examples  described  in  the  next  section. 
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SECTION  VI 


EXAMPLES  OF  APPLICATION 


6.1  Introduction 

The  finite  element  formulation  of  the  modified  Pagano's  [1978]  theory  developed  in 
the  previous  section  was  used  to  obtain  solutions  to  displacement  and  stress  fields  in 
delamination  coupons.  Three  examples  were  solved.  The  first  two  examples  involved 
four-ply  symmetric  laminates.  Both  cross-ply  and  angle-ply  coupons  were  considered. 
The  purpose  was  to  validate  the  finite  element  model  by  comparing  the  numerical 
solutions  with  those  from  Pagano's  [1978]  analysis.  The  third  example  consisted  of 
studying  stress  distribution  in  a  multi-ply  laminate  subjected  to  uniform  stretch.  A 
theoretical  solution  for  this  case  was  not  available.  The  results  were  compared  with 
Chang  [1987]  who  used  a  continuous  traction  element  for  the  problem  of  3-D  elasticity 
specialized  to  the  coupon  with  a  potential  energy  minimization  procedure.  A  stacking 
sequence  of  [(25.5/— 25.5)s/90],  was  used. 

6.2  Delamination  Coupons 
6.2.1  Four-Ply  Laminates 

In  this  section,  analysis  of  two  long  symmetric  laminate  strips  made  of 
graphite-epoxy  materials,  with  fiber  orientations  of  [45A45],  and  [0/90],  under  uniform 
displacement  in  the  longitudinal  direction  is  described.  The  relation  between  laminate 
width  and  thickness  was  2b=16h  following  Pagano  [1978].  In  the  analysis  each  ply 
was  idealized  as  a  homogeneous,  elastic  orthotropic  material.  For  comparison  purpose, 
the  material  properties  assumed,  following  Pagano's  work  [  1 9781  were: 
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E(  1=20xl06psi 
E22=E33=2.1  XlObpsi 
G12=G13=G23  =0.85xl06psi 

Vl2=Vl3=V23=0-21 

The  subscripts  1,  2  and  3  denote  the  longitudinal,  the  transverse  and  the  thickness 
directions  respectively.  The  6x14  and  6x18  finite  element  meshes  as  shown  in  Figure 
2  were  used  to  discretize  a  coupon.  This  corresponds  to  N=6  and  N=4  respectively  in 
Pagano's  analysis  [1978].  Numerical  results  based  on  the  finite  element  mode)  were 
compared  with  Pagano's  [1978]  analytical  solution. 

The  value  of  N  in  the  following  figures  corresponds  to  the  number  of  sub-layers 
used  in  Pagano's  theory.  Thus,  N=6  indicates  that  each  physical  layer  of  thickness  h 
was  modeled  by  three  sub-layers  each  of  thickness  h/3,  while  N=2  denotes  that  each 
physical  layer  is  treated  as  a  unit  as  stated  in  Pagano  [1978]. 
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(a) 


(b) 


(a)  6x14  Element  Mesh,  (b)  6x18  Element  Mesh 
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6. 2. 1.1  Cross-Ply  Laminate 

Distribution  of  <Jl  along  the  width  on  the  central  plane  of  the  [0/90],  laminate 

for  N=6  shown  in  Figure  3,  indicates  a  sharp  rise  near  the  free-edge  boundary. 

Solutions  obtained  from  the  finite  element  model  agree  with  Pagano's  N=2  and  N-6 

solution  over  the  entire  width  of  the  laminate. 

Figure  4  and  Figure  5  show  the  variations  of  <rt  along  the  interface  between  the 

0°  and  90”  plies  for  N=2  and  N=6.  Due  to  the  presence  of  the  discontinuity  in  elastic 
properties,  a  singular  stress  behavior  would  be  expected  at  the  free  edge. 

Values  of  r  along  the  interface  between  the  0/90  layers,  calculated  from  the 
finite  element  model  (  Figure  6),  showed  that  the  refinement  through  the  thickness  is 
necessary  to  have  satisfactory  agreement  with  those  calculated  by  Pagano's  method. 

Comparative  results  for  the  variation  of  transverse  displacement  along  the  top 

surface  of  the  [0/90],  laminate  are  shown  in  Figure  7. 
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Figure  4: 


Distribution  of  Z-stress 


6.2.1. 2  Angle-Ply  Laminate 

Figure  8  and  Figure  9  show  the  distributions  of  ax  along  the  width  of  the 

laminate  a  the  center  line  of  the  top  (45°)  layer  for  N=2  and  N=6.  The  distributions 
of  rxy  along  the  width  of  the  coupon  at  the  middle  of  the  top  (45  degree)  layer  for 
N«2  and  N=6  are  shown  in  Figure  10  and  Figure  11.  The  results  obtained  using  the 
finite  element  model  agreed  with  Pagano's  solutions  for  N=2  and  N=6  across  the  entire 
width  of  the  laminate. 

A  comparison  of  the  shear  stress  (txz)  distributions  along  the  interface  of  the 
45/-45  layers  for  N=2  and  N'=6  (  Figure  12  and  Figure  13),  indicated  that  the 
solutions  of  the  finite  element  model  had  sharp  rise  toward  the  free-edge  similar  to 
Pagano's  solutions  with  N=2  and  N=6. 

For  the  axial  displacement  distributions  across  the  width  of  the  top  surface  for 
N-2  and  N=-6,  the  finite  element  results  compared  well  with  Pagano's  N-2  and  N»6 
solutions  (  Figure  14  and  Figure  15). 
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6.2.2  A  Multi-Ply  Delamination  Coupon 

Analysis  of  the  four-ply  laminate  specimens  described  in  the  previous  section 
demonstrated  the  validity  of  using  the  proposed  finite  element  procedures  in  solving 
delamination  coupons.  In  this  section,  application  of  the  finite  element  method  to 
investigate  the  stress  fields  in  the  multi-ply  laminate  is  described  and  the  results  are 
compared  with  those  by  Chang  [1987].  The  structure  of  the  laminate  with 
predetermined  fiber  orientations  used  in  the  present  investigation  was,  following  Sandhu 
and  Sendeckyj  [1987], 

Stacking  Sequence  Width  Ply  thickness  Plies 
[(2S.5/-25.S)s/90]s  1.0  in  0.00505  in  22 

The  material  used  in  the  study  was  AS4/3501-6,  graphite-epoxy,  and  the  elastic 
constants  were  [Sandhu  and  Sendeckj,  1987] 

EM=l9.26xl06psi 

E22=1.32xl06psi 

G,2=0.83xl06psi 

v12=0.35 


622.1  Numerical  Evaluation 

A  64  element  model  shown  in  Figure  16  was  used  to  discretize  the  delamination 
coupon.  Interlaminar  stress  field  within  the  delamination  coupon  for  an  applied 
longitudinal  average  unit  strain  was  computed. 

The  distribution  of  <rt  along  the  midplane  of  the  multi-ply  laminate,  shown  in 
Figure  17  indicates  that  the  finite  element  model  predicts  a  sharp  rise  toward  the  free 
edge  similar  to  Chang  [1987]. 
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64  Element  Model 


Figure  16.  Finite  Element  Mesh  for  22-ply  Laminated 
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Figure  18  shows  the  through-the-thickness  stress  distributions  of  <j1  calculated  from 
the  present  model  and  the  continuous  traction  Q~23  element  [Chang  1987]  at  the  free 
edge  of  the  laminate  specimen.  Figure  19  shows  the  through-the-thickness  stress 
distributions  of  tr,  at  the  centroids  of  elements  along  the  free-edge.  It  is  observed  that 
the  stress  field  based  on  Q-23  element  [Chang  1987]  is  not  smooth  at  all  compared 
with  that  by  the  present  model.  The  slope  discontinuity  of  cr1  at  the  interfaces  in 
Chang's  analysis  indicates  limitations  of  the  displacement-based  model  in  satisfying 
traction-free  conditions.  Table  4  gives  a  comparison  of  numerical  results  obtained  by 
the  present  study  and  Chang  [1987]  at  the  free  edge  (through  the-thickness)  of  the 
22-layer  delamination  coupon. 

The  stresses  at  the  interface  of  -25.5/90  calculated  by  the  present  model  and 
Chang  [1987]  are  shown  in  Figure  20.  Figure  21  shows  the  effect  of  mesh  refinement 
on  the  tTy,  distribution  along  the  interface  of  -25.5/90  calculated  by  Chang's  analysis 
[1987].  The  oscillating  pattern  of  cryi  is  present  both  in  Chang's  analysis  and  the 
present  study.  Chang  [1987]  found  that  refinement  of  mesh  near  the  edge  eliminated 
the  oscillation.  The  same  could  be  expected  with  the  present  model.  However,  due  to 
limitations  on  core  and  auxiliary  storage  on  the  available  computational  facilities, 
refinement  of  meshes  could  not  be  implementated  at  this  stage. 
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A  Comparison  of  Numerical  Results  (Through-the-thickness)  at 
the  Free  Edge 


Chyou  |  Chang  [1987] 

z-stress/(unit  strain  x  106)  |z-stress/(unit  strain  x  10fc) 
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SECTION  VII 
DISCUSSION 


The  problem  of  analysis  of  composite  laminates  has  been  investigated.  Pagano’s 
theory  has  been  examined  carefully,  rewritten  in  terms  of  a  reduced  number  of  field 
variables  and  stated  in  a  self-adjoint  form  so  that  a  general  variational  formulation 
could  be  developed.  The  resulting  functional  was  specialized  for  implementation  in  a 
finite  element  model  for  stress  and  deformation  analysis  in  laminated  composite  plates. 
The  procedure  was  applied  to  study  of  stress  fields  in  free-edge  delamination  specimens. 

As  originally  stated,  Pagano's  [1978]  theory  used  seven  equilibrium  equations,  ten 
constitutive  equations,  and  six  interfacial  continuity  equations  involving  23  field 
variables.  An  important  feature  of  the  present  research  was  to  rewrite  the  equations 
of  Pagano's  theory  in  terms  of  fewer  field  variables  and  to  state  the  equations  in  a 
self-adjoint  form.  Physically,  there  are  only  five  equations  of  equilibrium  and, 
therefore,  there  can  only  be  five  corresponding  displacement  field  variables.  The 
quantities  Nn  and  MH  introduced  by  Pagano  could,  therefore,  be  eliminated  by  writing 
explicit  expressions  for  these  in  terms  of  stresses  (termed  equilibrium  equations  by 
Pagano).  In  this  manner,  the  number  of  local  mechanical  variables  reduced  to  eight 
requiring  as  many  constitutive  equations.  The  total  number  of  field  equations  in 
Pagano's  theory  is  thus  reduced  to  19  in  five  independent  displacement  field  variables, 
eight  mechanical  quantities  and  six  interfacial  traction  and  displacement  components-  It 
is  shown  that  the  system  of  interfacial  displacement  continuity  equations  and  field 
equations  is  self-adjoint  in  the  sense  of  inner  products. 
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Boundary  operators  consistent  with  the  field  operators  for  the  problem  have  been 
identified  following  the  procedure  outlined  by  Sandhu  and  Salaam  [1975]  and  Sandhu 
[1976].  For  self-adjoint  matrix  of  operators  and  consistent  boundary  operators  a  general 
variational  principle  was  derivedallowing  for  possible  internal  discontinuities.  Extensions 
to  relax  the  requirement  of  differentiability  of  certain  field  variables  have  been 
developed,  along  with  specializations  to  reduce  the  number  of  independent  field 
variables. 

For  finite  element  implementation  the  interpolants  can  be  restricted  to  satisfy  some 
field  equations  and  boundary  conditions  identically.  One  specialization  in  which  the 
generalized  displacements  are  continuous  across  boundaries  of  subregions  or  elements  but 
generalized  forces  need  not  be  continuously  differentiable  was  used  to  develop  a  finite 
element  program.  This  program  was  verified  against  Pagano's  [1978]  four-ply  laminated 
free-edge  delamination  specimens,  and  also  applied  to  a  22-ply  specimen.  The  theory 
and  the  numerical  procedure  developed  are  quite  general  and  applicable  to  laminated 
composite  plates  with  arbitrary  boundary  conditions  including  internal  boundaries  e.g. 
holes.  Discontinuities,  e.g.  delaminations,  can  be  easily  included  by  retaining 
corresponding  terms  in  the  governing  functional.  The  general  variational  theory  could 
form  the  basis  of  several  alternative  finite  element  schemes  which  could  be  used  to 
define  bounds  to  the  solution. 

As  at  present  developed,  the  finite  element  computer  program  requires  enormous 
amount  of  storage.  This  is  largely  due  to  the  large  number  of  algebraic  equations 
with  large  bandwidth.  Available  equation  solvers  and  storage  strategies  cannot  handle 
the  problem  in  an  economical  fashion.  It  appears  necessary  to  develop  efficient 
equation  solving  procedures  taking  advantage  of  the  multi-banded  nature  of  the  system 
matrix.  Global-local  strategies  to  reduce  the  size  of  the  problem  and  solve  it  in  two 
or  more  steps  should  also  be  investigated.  Different  finite  element  interpolations  could 
be  implemented  to  obtain  results  in  more  economical  fashion. 
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